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Weighted Graph
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Shortest Path
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Triangle inequality
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Single source shortest paths
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What are spanning trees?
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Results from BFS and DFS?

Note: Q.
Exist a minimal 
spanning three?
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Q. 
(1) What is a mimumal spanning tree?
(2) Is the single source shortest path (Dijkstra algorithm) 

a minimal spanning? 



What is a minimal spanning tree?
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• Weighted spanning tree
• Weight of spanning tree =  sum of tree edge weights
• Any spanning tree whose weight is minimal

Single source shortest path tree

5+2+2+1+4+2+1+1
=18

2+4+2+1+1+3+2+1
=16
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Spanning tree 
cost =8

Spanning tree 
cost =5



Property of MSTs
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• For any edge: c (e.g. 
c=(G,H)(5) in blue color) in 
G but not in T (e.g. in red),
there is a simple cycle Y 
((H,D), (D,E), (E,I), (I,G)) 
containing only edge c and 
edges in spanning tree 

• Moreover, weight of c must 
be greater than or equal to 
weight of any edge in this 
cycle.

c



From SSSP to MST
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From Dijkstra’s to Prim’s algorithms
• Change Dijkstra’s algorithm so the priority of 

bridge (fn) is length(f,n) rather than 

minDistance(f) + length(f,n)

• In other words: 

- starts with any node

- keeps adding smallest edge to 

expand its path



Dijkstra’s Algorithm (pseudo code)
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An example

Work in class:
Start from B, 
(1) Draw a SSSP (Single source shortest path)
(2) Draw a MST (Minimal spanning tree)?

MST



Dijkstra algorithm from B
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Start from A

A B

Start from B

Results are differentCost = 18

MST cost = 16



Prim’s algorithm
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{ 
T = ; 
U = { }; 
while (UV)  { 

let (u, v) be the lowest cost edge 
such that uU and vV - U; 
T = T {(u, v)} 
U = U {v} 

} 
} 

Complexity = O(|E|log(|E|))
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output
prim: [('A', 'D', 5), ('D', 'F', 6), ('A', 'B', 7), 
('B', 'E', 7), ('E', 'C', 5), ('E', 'G', 9)]
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Work in class: draw the middle steps 

(a) (b)
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Work in class: draw the middle steps 

(a) (b)
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http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/PrimApp.shtml?demo3

(a) (b)

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/PrimApp.shtml?demo3
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Work in class (prim’s algorithm)
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http://www.deqnotes.net/acmicpc/prim/

http://www.deqnotes.net/acmicpc/prim/
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https://www.cs.usfca.edu/~galles/visualization/Prim.html

Prim’s algorithm animation examples

https://www.cs.usfca.edu/~galles/visualization/Prim.html
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方法まとめ：

アルゴリズムの実装方法によって、計算量は
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https://www.cs.usfca.edu/~galles/visualization/Algorithms.html

Demonstration 

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml

Algorithms in Java 

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml
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Kruskal's algorithm (basic part)

(Sort the edges in an increasing order)

A:={}

while E is not empty do {

take an edge (u, v) that is shortest in E

and delete it from E

if u and v are in different components 

then

add (u, v) to A 

}
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Output
[(5, 'A', 'D'), (5, 'C', 'E'), (6, 'D', 'F'), (7, 'A', 'B'), 
(7, 'B', 'E'), (9, 'E', 'G')]
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Kruskal’s v. s. Prim’s algorithms
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• In Kruskal's algorithm, 

– The set A is a forest.

– The safe edge added to A is always a least-
weight edge in the graph that connects two 
distinct components.

• In Prim's algorithm, 

– The set A forms a single tree.

– The safe edge added to A is always a least-
weight edge connecting the tree to a vertex not 
in the tree.
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Kruskal's algorithm (disjoint set)

MST_KRUSKAL(G,w)
1 A:={}
2 for each vertex v in V[G]
3 do MAKE_SET(v)
4 sort the edges of E by non-decreasing weight w
5 for each edge (u,v) in E, in order by non-decreasing weight
6 do if FIND_SET(u) != FIND_SET(v)
7 then A:=A∪{(u,v)}
8 UNION(u,v)
9 return A

Animation of Kruskal’s algorithm
http://f.hatena.ne.jp/mickey24/20090614234556

http://f.hatena.ne.jp/mickey24/20090614234556


Walk-Through
Consider an undirected, weight graph
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Sort the edges by increasing edge weight

edge dv

(D,E) 1

(D,G) 2

(E,G) 3

(C,D) 3

(G,H) 3 

(C,F) 3

(B,C) 4
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(A,B) 8

(A,F) 10



Select first |V|–1 edges which do not 

generate a cycle

edge dv
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Select first |V|–1 edges which do not 

generate a cycle

edge dv

(D,E) 1 

(D,G) 2 

(E,G) 3

(C,D) 3
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Select first |V|–1 edges which do not 

generate a cycle

edge dv

(D,E) 1 

(D,G) 2 

(E,G) 3 

(C,D) 3

(G,H) 3 

(C,F) 3

(B,C) 4
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(B,E) 4

(B,F) 4

(B,H) 4

(A,H) 5

(D,F) 6

(A,B) 8

(A,F) 10

Accepting edge (E,G) would create a cycle



Select first |V|–1 edges which do not 

generate a cycle

edge dv

(D,E) 1 

(D,G) 2 

(E,G) 3 

(C,D) 3 
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Select first |V|–1 edges which do not 

generate a cycle

edge dv

(D,E) 1 
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Work in class:
Please continue to finish this algorithm and draw the 
resulting tree.



Apply Kruskal’s algorithm to find the minimum 

spanning tree



Minimum Connector Algorithms

Kruskal’s algorithm

1. Select the shortest edge in a 

network

2. Select the next shortest edge 

which does not create a cycle

3. Repeat step 2 until all vertices 

have been connected

Prim’s algorithm

1. Select any vertex

2. Select the shortest edge 

connected to that vertex

3. Select the shortest edge 

connected to any vertex 

already connected

4. Repeat step 3 until all 

vertices have been 

connected
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https://www.cs.usfca.edu/~galles/visualization/Algorithms.html

Demonstration 

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml

Algorithms in Java 

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml
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Ex. 12-1 Dijkstra algorithm from vertex a
 Single Source Shortest Path

6
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Ex. 12-1 Dijkstra algorithm from vertex a 
 Single Source Shortest Path
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Ex12-2 prim’s algorithm  Minimal Spanning Tree (MST)

write down the process 
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Ex12-3 Kruskal’s algorithm  Minimal Spanning Tree (MST)

write down the process 


