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Weighted Graph

‘Consider a digraph G = (V, E) with edge-weight
function w : £ — K. The weight of pathp =v, —>
v, = --- — v, is defined to be

k-1
H/’( [)) = Z W"( Vis Vit ).
=l

Example:

w(p) =-2
a b ¢ d
g[ee 5 1 oo a|l=-b85=c1
bl 5 o 7 4 b|—=a5—=¢7 =d4d
el 1 T oo 2 c| —2a1=2b7=4d2
dlee 4 2 oo d| =2bd4d=0¢2

(a) (b) (c)
AGURE 1.8 (a) Weightad graph. (b Its weaight matrix. (ch Its adjacency lists.




Shortest Path

N

A shortest path from u to v is a path of
minimum weight from u to v. The shortest-

path weight from u to v is defined as
d(u, v) = min{w(p) : p is a path from u to v}.

Note: d(u, v) = o if no path from « to v exists.

Theorem. A subpath of a shortest path is a
shortest path.

Proof. Cut and paste:




N

Triangle inequality

Theorem. Forall «, v, x € V, we have
O(u, v) < o(u, x) + d(x, v).

Proof.




‘Single source shortest paths

\|/
Problem. From a given source vertex s € V, find

the shortest-path weights o(s, v) forall v € V.

If all edge weights w(u, v) are nonnegative, all
shortest-path weights must exist.

IDEA: Greedy.
I. Maintain a set S of vertices whose shortest
path distances from s are known.
2. At each step add to S the vertex v € V'~ S e v

do d|v] « =

whose distance estimate from s is minimal 77 .. o oo manaining s
3. Update the distance estimates of vertices ™’ fuaamo

. S« Su ju}
adjacent to v. for cach v < Adju]
do if d[v] = dlu] + wlu, v)
then d[v] « dlu] + w(u, v)

Dijkstra’s Algorithm (eseudo code)



N

What are spanning trees?

A spanning tree of a
connected graphisa
spanning subgraph that is a
tree

Spanning tree




Results from BFS and DFS?

q
A1 B
9
5
F i
I H
6
E 4 D
Breadth-first Spanning Tree Depth-first spanning tree
Note: A spanning tree is not unique Q.
unless the graph is a tree |:> Exist a minimal
7 77ﬁ\$TEL "'BE L)%tﬁ*{i Spanning three?

1D TIE7ELY,




N

L

Q.
(1) What is a mimumal spanning tree?
(2) Is the single source shortest path (Dijkstra algorithm)

a minimal spanning?

17/7/2 188504 Shortest Path 9
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What is a minimal spanning tree?

« Weighted spanning tree
« Weight of spanning tree = sum of tree edge weights
* Any spanning tree whose weight is minimal

5+2+2+1+4+2+1+1
C =18

Minimal spanning tree 10



Caution: 1n general, SSSP tree

N

L

1s not MST

e Intuition:
ﬂ — SSSP: fixed start node
— MST: at any point in
construction, we have a
bunch of nodes that we
A 54 have reached, and we look
at the shortest distance

from any one of those
nodes to a new node

SSSP Tree MSP

Spanning tree  Spanning tree
cost =8 cost =5




N

Property of MSTs

« Forany edge: c (e.g.
¢=(G,H)(5) in blue color) In
G butnotin T (e.g. in red),
there Is a simple cycle Y

(H.D), (D.E), (E,I), (1,6))
containing only edge c and
edges In spanning tree

» Moreover, weight of ¢ must
be greater than or equal to
weight of any edge in this
cycle.

12




From SSSP to MST

From Dijkstra’s to Prim’s algorithms
« Change Dijkstra’s algorithm so the priority of
bridge (f-=>n) is length(f,n) rather than

minDistance(f) + length(f,n)
* In other words:
- starts with any node
- keeps adding smallest edge to
expand Its path

N

13




) DI]kStI‘a'S A|gOrIthm (pseudo code)

\‘/
d[s] < 0
for eachv e V- |5}
do d|v] < =
S« O
Q«V > (J 18 a priority queue maintaining /' — .S
while O =
do u < EXTRACT-MIN(Q)
S SU {uy

for each v € Adj|u]
do if d|v]| > d[u] + w(u, v)
then d|v| <« dlu| + w(u, v)

14




for each v € Adj[u]
do if d[v] > d[u] + w(u, v)
then Cl[\"] < C{[l{] -+ \1,’(”’ v)

15
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SSSP

MST

cost = 13
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An example
[((dummy—>A), 0)]

[] add (dummy—=2A) to MST
[((A=2B).2), (A>G),5),(A>F),9)]

[((A>G),5),(A>F),9)] add (A>B) to MST
[(A=G),5),(A2F).9), (B=2G),6),(B=C),4)]

[((A=>G),5),((A2F),9),(B>G),6)]

add (B>C) to MST
[((A>G),5),((A2F),9),(B>G),6),(C,H),5),
((C,D), 2)]

SSSP tree

Work in class:

Start from B,

(1) Draw a SSSP (Single source shortest path)
(2) Draw a MST (Minimal spanning tree)?

17



D|Jkstra algorithm from B

/\

Start from A Start from B
MST

SSSP tree
Cost = 19

SSSP tree

Cost = 18 Results are different

MST cost = 16

18



Prim’s algorithm

{
T = ¢; Complexity = O(|E|log(|E[))
| while (UaV) {

let (u, v) be the lowest cost edge
such that ueU and veV - U;
T=Tu{(u, v)}
U=Uuw{v}

)

ALGORITHM Prim(G)

//Prim’s algorithm for constructing a minimum spanning tree
/Input: A weighted connected graph G = (V. E)
//Output: E5, the set of edges composing a minimum spanning tree of G
Vi < {vy} [//the set of tree vertices can be initialized with any vertex
Er «— @
fori < 1to|V]|—1do
find a minimum-weight edge ¢* = (v*, #*) among all the edges (v, u)
such thatvisin Vy anduisin V — Vg
Vi« Vp U {u™}
Ey « Eq U {e*)
return £



from collections import defaultdict
from heapa nport %

def prim( nodes, edges ):
conn = defaultdict( |ist )
for nlynZ2,c In edges:
conn[ n1 J.append( (c, nl, n2) )
conn[ n2 J].append( (c, n2, nl) )

mst = []

used = set( nodes[ 0 ] )
usable_edgzes = conn[ nodes[0] ][:]
heapify( usable_edges )

while usable_edges:
cost, nl, n2 = heappop( usable edges )
f n2 nui noused:
used.add( n2 )
mst .append{ ( nl, n2, cost ) )

for e inconnl n2 J:
el 21 not in used:
heappush( usable_edges, e )|

return mst
ftest
nodes = |ist ("ABCDEFG™)
Edges : [ (r‘)’gﬂ‘f’ )'r*Bfr*’ ?] , I:.h*gfr*, ?fDr*f’ 5) \
R et 8)) R 0 8Y) (BT, TETL 7).

(#}Op“)’ )?E)F‘, 5] ,

("o, "ET7, 18), D7, TFT, B),

("E”, "F", 8), ("E", "G", 9), output

U7, 765, 1 prim: [(A', 'D', 5), (D', 'F, 6), (A", 'B, 7),
F'Z:Ir' i [.'It f’prim:”, prlm( nudes. EdEEE :' ('B'l |E'I 7)/ (IE'I 'C'r 5)/ ('E'I 'G'l 9)]




Work in class: draw the middle steps

N

33

oy
e

17/7/2 1985495

Shortest Path

21




Work in class: draw the middle steps

N

33

oy
e

17/7/2 1985585

Shortest Path
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WV
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Shortest Path

17/7/2 1985585


http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/PrimApp.shtml?demo3

Work in class (prim’s algorithm)

N

L/
N
|,\ /I
5
— / 2
o\
I'\_J\\‘

/"

£y

17/7/2 198584 Shortest Path
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i
I
(]

T=0¢

= ¢;
=|r-|..l
LJr

while (U=V) {

http://www.degnotes.net/acmicpc/prim/ et {u, v) be the lowest cost edge

L

N

7 T=Tw{(u, v)}
U=Uuw{v}
}

\ N — A

oL O
N VA

O O

17/7/2 198584 Shortest Path 25


http://www.deqnotes.net/acmicpc/prim/
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https://www.cs.usfca.edu/~galles/visualization/Prim.html

Prim’s algorithm animation examples

17/7/2 198584 Shortest Path 26


https://www.cs.usfca.edu/~galles/visualization/Prim.html

HiEFEED:

1VAER R X = el v = v - X ET 2 (LT —F a (3] THEL Y, To OO D#FIF0ET S

o RIS ETLITFOIL —T=ighET:
1. XHEE = YNEER |TEIVO2E, & aAFEEDOIv « FET (COEEAHEIRTHEL

o W =¥ + le@fllmESE] v = v - vl ESE] F TS (R FOEE IS T L)
3 T/ OO AOEFlCem O AR

PIWVAVALDREFEICEST . FEER

EINAVP

T, BMIEE (naive method) TT, XEYEREBECH/ OO Iy B DT 2MAENRATC (VDML =), xhBZMa{EGTL S
TodF gD TR, FOR T OO IyYF BOEIENTEET, JL—70RAITE, ChiigATeERE Ty F I NILED
OT, oV BT o(e) (IZ6UFET, bt |V BIL—JTE20T, 2EOHEE oy BLAT ol - g (ZEWET,

—FER00THERNUE [VE = 1000000 = 1M TRRIFTFSTTHY, —FEHM000(27558 WP = 1000000000 = 1G THRIIGVET,

17/7/2 198584 Shortest Path 27



B EATER ST

RO HEETE LN TOOBE I taEE TN, S 02ZEERRL, D) LETHEREASFEITI (priority
queue) T {EI XTI ILEFE{EN 0]ge T,

EEOMRRRET, TTHENEN LT AT/ —F a THERE, « 00T STyl =2 TEREFSTHIISENIL
FT. BREMASESTIEI Iy VOO T/ —FENS LU THZTET (EMHEECE—7 (heap) TEDEENT Ollog
n) (Z3UET), SR, BREAEFEITII R LI (popl /o) To /MR — e, IREOMSTISENLE T (pop ©
Oflog n) ToIgETY) ., TLT, TO/—Fa (U TS Tyl E i UBEAEMASFSTILENL TOEEXT ., 7345, pop
L7 T OEEAD T TICMSTISEILE M iR RYBEL T80 —EpopLELE T, BIICNZERVETIZIITEZEET.

COIBEE, L e 3T BB EEFETIE A SNE LN T, o7 DOV LTIy 3 TE T

DA ENaOT |E| (ZEWET, JL—"ORHEITE, $EA = Ollog n) &pop = Gllog n) FEUHIOT, Z 20 FE ELT Ollog
n) (Z7EWET, COT n 3FETRINESITEH, &2 B FBA22X (37500 T, 0lleg [E)) &EHEGHTT, T/, 2fFL
TIIStEET OlE]-log |E[) &73WET,

17/7/2 198584 Shortest Path 28



Demonstration

N

L

https://www.cs.usfca.edu/~galles/visualization/Algorithms.html

Algorithms in Java

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml

17/7/2 198584 Shortest Path
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http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml

Kruskal's algorithm (basic part)

N

Ai={}
while E is not empty do {
take an edge (u, v) that is shortest in E
and delete it from E
iIf uand v are in different components
then
add (u, v) to A

30




parent dict ()
rank = dlc ()

def make_set (vertice):
parent [vertice] = vertice
rank [vertice] 0

def find(vertice):
i f parent[vertlce] 'z yertice:
parent [vertice] = find{parent [vertice])
return parent [verticel
def union(verticel, vertice2):
rootl = find(verticel)
root2 = find(vertice2)
it rootl 'z root2:
it rank[root1] > rank[root2]:
parent [root2] = root1
else:
parent [root1] = root?2
it rank[root1] == rank[root2]: rank[root2] += 1
def kruskal (graph):
for vertice in graph[ 'vertices’]:
make_set (vertice)
minimum_spanning_tree = set ()
edges = list (graph[ ' edzes’])
edeges.sort ()
Hporint edges
for edge in edges:
weight, verticel, vertice2 = edge
'f find(verticel) !'= find(vertice2): ()Ut[NJt
unioniverticel, vertice2) T i~ U RO PRI AT TS
minimum_spanning_tree.add(edze) [(5, A, D), (5, C, E), (6, D, F), (7, A, B),
] ] 1 1 1 1 1 1
return sorted(minimum_spanning_tree) (71 Bl E)r (91 El G)]
graph = {
’vertices : [’4°, ’B°, 'C", D, 'E’, 'F’, 'G’],
‘edges’: set ([ (7, "&4°, 'B"), (b, "&°, D7), (¥, B, *&°),
(B, ’B’l ,C,)l (9, ,B,, ,D,), (?’ ,E,’ ,E,)’
(8, ‘¢, 'B7), (5, 'C’, 'E’), (5, D, A),
(9’ ’D’, ,B,)l (?l ,D,, ,E,)’ {B" ,D,, ,F,),
(¢, 'E*, 'B"), (5, 'E’, 'C7), (15, 'E’, ‘D7),
(6, '’y 'F'), (9, 'E°, 'G"), (B, 'F', D7),
(8, 'F*, "E"), 11, F°, 'G"), (9, "G, "E"),
(1, °G*, 'F'), 1) 1}

print kruskal (graph)

31




An example

32



An example

N
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Kruskal’s v. s. Prim’s algorithms

N
NV

« In Kruskal's algorithm,
— The set A 1s a forest.

— The safe edge added to A is always a least-
weight edge in the graph that connects two
distinct components.

* InPrim's algorithm,
— The set A forms a single tree.

— The safe edge added to A is always a least-
weight edge connecting the tree to a vertex not

In the tree.
A:={} {
while E is not empty do { E qE’} : 5 5 | |
take an edge (u, v) that is shortest in E '5”'wh||e(ur;t\?){
and delete it from E : let (u, v) be the lowest coct edge
if uand v are in different components - such thatuel and veV - U;
then T=To{(u V) :




Kruskal's algorithm (disjoint set)

MST_KRUSKAL(G,w)
A:={}
for each vertex v in V[G]

do MAKE_SET(v)
sort the edges of E by non-decreasing weight w
for each edge (u,v) in E, in order by non-decreasing weight

do if FIND_SET(u) !'= FIND_SET(V)

then A:=Au{(u,v)}
UNION(u,v)

N

OOoONOUTDNN WN =

return A

* Two steps:
— Sort edges by increasing edge weight
— Select the first [V| — 1 edges that do not generate a cycle

Animation of Kruskal’s algorithm
http://f.hatena.ne.jp/mickey24/20090614234556 3



http://f.hatena.ne.jp/mickey24/20090614234556

Walk-Through

Consider an undirected, weight graph




Sort the edges by increasing edge weight

edge | d, edge | d,
(D,E) | 1 (BE) | 4
(D,G) | 2 (BF) | 4
(E,G) | 3 (B,H) | 4
CcD) | 3 (AH) | 5
GH) | 3 O.F | 6
(CF) | 3 (AB) | 8
(B,.C) | 4 (AF) | 10




Select first |V|-1 edges which do not
generate a cycle

edge | d, edge | d,
OE |1 V (BE) | 4
(D,G) | 2 (BF) | 4
(E,G) | 3 (B,H) | 4
(CD) | 3 (AH) | 5
(GH) | 3 (D,F) | 6
(CF) | 3 (AB) | 8
(B,C) | 4 (AF) | 10




Select first |V|-1 edges which do not
generate a cycle

edge | d, edge | d,
OE) | 1| V (BE) | 4
DOG)| 2| V (BF) | 4
(EG) | 3 (BH) | 4
(C.D) | 3 (AH) | 5
(GH) | 3 (DF) | 6
(CF) | 3 (AB) | 8
(B.C) | 4 (AF) | 10




Select first |V|-1 edges which do not
generate a cycle

edge | d, edge | d,
OE) | 1| V (BE) | 4
DOG)| 2| V (BF) | 4
EG) | 3| x (BH) | 4
(C.D) | 3 (AH) | 5
(GH) | 3 (DF) | 6
(CF) | 3 (AB) | 8
(B.C) | 4 (AF) | 10

Accepting edge (E,G) would create a cycle



Select first |V|-1 edges which do not
generate a cycle

edge | d, edge | d,
MOE | 1] V (BE) | 4
DOG)| 2| V (BF) | 4
EG) | 3| x (BH) | 4
CcD)| 3| v (AH) | 5
(GH) | 3 (DF) | 6
(CF) | 3 (AB) | 8
(B.C) | 4 (AF) | 10




Select first |V|-1 edges which do not
generate a cycle

edge | d, edge | d,
MOE | 1] V (BE) | 4
DG | 2] v (B,F) | 4
(EG) | 3| (BH) | 4
CD)| 3| v (AH)| 5
GH)| 3| V (D,F) | 6
(CF) | 3 (AB) | 8
(B,C) | 4 (AF) | 10

Work in class:
Please continue to finish this algorithm and draw the
resulting tree.



Apply Kruskal’s algorithm to find the minimum
spanning tree




Minimum Connector Algorithms

Kruskal’s algorithm

Select the shortest edge in a
network

Select the next shortest edge
which does not create a cycle

Repeat step 2 until all vertices
have been connected

Prim’s algorithm
Select any vertex

Select the shortest edge
connected to that vertex

Select the shortest edge
connected to any vertex
already connected

Repeat step 3 until all
vertices have been
connected




Demonstration

N

L

https://www.cs.usfca.edu/~galles/visualization/Algorithms.html

Algorithms in Java

http://weierstrass.is.tokushima-u.ac.jp/ikeda/suuri/dijkstra/Prim.shtml

17/7/2 198584 Shortest Path
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N

L

Ex. 12-1 Dijkstra algorithm from vertex a
- Single Source Shortest Path

46
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Ex. 12-1 Dijkstra algorithm from vertex a
- Single Source Shortest Path

47
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Ex12-2 prim’s algorithm = Minimal Spanning Tree (MST)
write down the process

/ \ // \

/l \\ / \\
3/ 4 4 \6
Vs \ / \
/ \ / \
R Ol

@, ,

\\ I //

\\ I //
\\ :2 //
6 \\ 1 //
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Ex12-3 Kruskal’s algorithm = Minimal Spanning Tree (MST]
write down the process




