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CO ntentS (L 1 2 — Shortest Path/Dijkstra algorithm)

4

# Shortest path problems

# Single-source shortest path problem
# Dijkstra’s algorithm

# Dijkstra’s algorithm versus BFS




Weighted Graph

‘Consider a digraph G = (V, E) with edge-weight
function w : £ — K. The weight of pathp =v, —>
v, = --- — v, is defined to be

k-1
H/’( [)) = Z W"( Vis Vit ).
=l

Example:

w(p) =-2
a b ¢ d
g[ee 5 1 oo a|l=-b85=c1
bl 5 o 7 4 b|—=a5—=¢7 =d4d
el 1 T oo 2 c| —2a1=2b7=4d2
dlee 4 2 oo d| =2bd4d=0¢2

(a) (b) (c)
AGURE 1.8 (a) Weightad graph. (b Its weaight matrix. (ch Its adjacency lists.




Shortest Path

A shortest path from u to v is a path of
minimum weight from u to v. The shortest-
path weight from u to v is defined as

N

d(u, v) = min{w(p) : p is a path from u to v}.

Note: 6(u, v) = o if no path from u to v exists.

Theorem. A subpath of a shortest path is a

shortest path.
4 If the subpath &, is not a shortest path,
Proof. Cut and paste: Then the path & is not a shortest path.

Subpath 5,
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Triangle inequality

Theorem. Forall «, v, x € V, we have
O(u, v) < o(u, x) + d(x, v).

Proof.




Single source shortest paths

N

Problem. From a given source vertex s € V, find
the shortest-path weights o(s, v) forall v € V.

If all edge weights w(u, v) are nonnegative, all
shortest-path weights must exist.

IDEA: Greedy.

I. Maintain a set S of vertices whose shortest-
path distances from s are known.

2. At each step add to S the vertex v € '~ S
whose distance estimate from s is minimal.

3. Update the distance estimates of vertices
adjacent to v.




Exercise 11-1 (work in class)

N

NOuUuh~hWN -

Let G be a graph whose vertices are integers 1 to 7, and let the adjacent list
be given by the table below:

HDESHERINSTETDTSTG E-UTOBEYRMBH S,

vertex adjacent vertices

2>4->6
1->5

4->7
1>3->7
2>7

1->7
324>5->6

Draw G = 357G EHEMEILY

Show the adjacency matrix of G 57 GDEETR) VR EEZE LN
Show the spanning tree of G using a DFS traversal starting from vertex 1.
HDEEINGDFSEFES>TY 376 DEBAREEETLILY,

Show the spanning tree of G using a BFS traversal starting from vertex 1.
EDEBINGBFSZFESTY 376 DEFBAREEELSLY,
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Exercise 11-2

Write an algorithm to check whether a graph G has
cycles or not. What is the running time of your
algorithm? (Hint: modify the DFS. Any back edge will
create a cycle : - e
552G IS ILDHENESIIEFIVITETILTYR
LzxENTLZELY,

FEEOT7 IV A LORITHEIE? (Evh: DFSEEEL
TLIZELY)




Exercise 11-3

One can model a maze by having a vertex for a starting point, a finishing
point, dead ends, and all the points in the maze where more than one path
can be taken, and then connecting the vertices according to the paths in

the maze.

a. Construct such a graph for the following maze.

b. Which traversal — DFS or BFS — would vou use if vou found your-
sell in a maze and why?

_.,.

17/6/25 128%7 5



Weighted Graph

BEHET ST

# In a weighted graph, each edge has an associated numerical value,
called the weight of the edge

BAFTETSTTIE, BRICEHEFIENSEUEEZE->TLVS,
@ Edge weights may represent, distances, costs, etc.
BOEAIEEHAOORNMNIEEZRLTLNS,

#® Example:

N

miles between the endpoint airports: & ZE &AM D EEE (1 JL)

= In a flight route graph, the weight of an edge represents the distance in

10




Shortest Path Problem
B K5 o I ] 8

# Given a weighted graph and two vertices u and v, we want to find a
path of minimum total weight between u and v
“ONTERUEVILDEHDFENR/INELGHIRBEEZD

# Applications

= Flight reservations(R1TH# % £3)
= Driving directions(FE . EEMRA)
= Internet packet routing (/> 2—2 vt/ N\ yb)L—F )
#® Example:
= Shortest path between Providence and Honolulu(ZRE 7> X—7k/JLILE)




Shortest Path Properties
Bx K5 % b 0D F 1

Property 1:

A subpath of a shortest path is itself a shortest path

HAEREROMIBEBIEENEARIRERBTHD
Property 2:

There is a tree of shortest paths from a start vertex to all the other

vertices RA—rhEMNBETHD RANDERFEFERDNK
Example:

Tree of shortest paths from Providence ZOETVAMNSD

EFEEZER DK
849 PVD

G0c1

12




Single-source shortest paths Problem

A
Y

L

From a given source vertex s € V, find

the shortest-path weights 0(s, v) for all v € V.
If all edge weights w(u, v) are nonnegative, all
shortest-path weights must exist.

IDEA: Greedy.

1. Maintain a set S of vertices whose shortest-path
distances from s are known.

2. At each step add to S the vertex v € V — S whose
distance estimate from s is minimal.

3. Update the distance estimates of vertices adjacent to v.

13
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Dijkstra’s algorithm

= Algorithm 7)L31) X L

» Edge relaxation #HO#EH
= Example 45

» Analysis &4

14
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(1)compute the distances of all
the vertices from a given start
vertex s

FAYRZDOT IV X LIF
AE—hRsHhoETDTERA
DIEHMZEETHET B,

(2) grow a “cloud” of vertices,
beginning with s and eventually
covering all the vertices

BRDISIOMNE)ERF—Ihm
MHIRD RRICTRTOTERN
EILITTUL

Work in class:

Regarding Dijkstra’s Algorithm

(3) store each vertex v a label d(v)
representing the distance of v from s
in the subgraph consisting of the
cloud and its adjacent vertices

DI9CRNDY T I IT7E2DMER I
TNENAF—Fhms HhioD Rt *
IIR)bd(v) ZHE-TLVS,

(4) The distance of a vertex v from a
vertex s is the length of a shortest
path between s and v

[ERsShbvADEIEFIRORIZ 5
E9 5

Please write your version of Dijkstra’s algorithm ({x3—F)

15




Dljkstra s Algorithm geeudo code)

d[s] «
for -:ach ve V- {s}
do d|v] « x
S«
O« V &= (J 18 a priority queue maintaining J'— S
while () =0
do i « ExTrACT-MIN(O)
S S5 {u]
for each v € Adj|u]
do if d[xa] = dl_u] + w(u, v) relaxation

then dv] « dlu] + wii, v) step

Implicit DECREASE-KEY

17

1//6/25 1257595 16
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DIJ kstra’s Algorlthm (initialize)

d|s] < 0
for eachv € V- {s}
do d|v] «
S«
Q«V > () 1s a priority queue maintaining /S

17
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DlJ kStra ,S A|gOrIth m (pseudo code)

Initialize the Graph

while O =
do i < EXTRACT-MIN(O)
S« S {uj
for each v € Adj|u| _
do if d[v] > d[u] + w(u, v) relaxation
then d|v] < d[u] + w(u, v) step

Implicit DECREASE-KEY

18




Example of Dijkstra’s algorithm

o infinity

19




Find a next node from Qto S

“C” < EXTRACT-MIN(Q):

Update all path evaluation\
7 11

Relax all edges leaving C:

17/6/25 1785235y
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Edge Relaxation

OB

# Consider an edge e =(u,z2)
such that

= Uuis the vertex most :
recently added to the cloua,

m Zis not in the cloud

# The relaxation of edge e
updates distance d(z) as

follows ) -

; : -7 d(u) =50
d(z) <= mip(d(z),d(u) + weight(e)) - ()10 d(z) =60
50+10= 75 el D
TORBIVE EOREZE- ."' 2 ' _ - :
FZIEF5HGELD T, d@2) DIEZ \ | =
E%ﬁd_%)o R .. ,’I

21




DlJ kStra ,S A|gOrIth m (pseudo code)

T Work in class:
dls] <« 0 Please make comments to the algorithm
for eachv € IV — |s}

do d|v] < =
S«
Q«V > (J 18 a priority queue maintaining )/ — S
while O =

do 7 <« EXTRACT-MIN(O)

S« SU {uj
for each v € Adj[u]

doif dv] > dlu] * wu, V) ) Edge Relaxation
then d[p] < d[,{f] T 14}(.?,.*,, 1}_)

22
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Example (cont.)

N

== —




Example of Dijkstra’s algorithm




Relax all edges leaving C:
10

\»
ol ey
v

10 3 oo oo 10 3 o o
7 11 5 11 5
S: {4 C} /
. 7 11
Relax all edges leaving E: 2
0
O B D
0 o0 o0 o0 o0 3 5
10 3 oo o0
7 11 5
7 1 S: {4, C E}

Q
>

o
8
8
8

o
w
8

S:{A4 CEBD)

-]
—_ o -
— -

S:{A4 C E B}




Work in class:
Start from vertex 0

Total the previous

vertex in the
Verte:x Ko i ost FPath

)

17/6/25 128575 27



{3

Total the previous
vertex in the
YVartex  Known Cost FPath

0 T 0 -1
1 T 7 0
2 T 2 0
3 T 8 1
4 T & 2
5 T 12 1
= T 10 4
7 T 8 4

17/6/25 128575
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Yertex  Known Cost Fath
0 T 0 -1
1 T 7 0
2 T 2 0
3 T & 1
4 T & 2
5 T 12 1
& T 10 4
7 T & 4

17/6/25 128575
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More animation
https://www.cs.usfca.edu/~galles/visualization/Dijkstra.htm

17/6/25 2085185y 30
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Dijkstra Implementation in Python

L

dijkstra-3.py

class Vertex:
def init (self, node):

self.id = node

self.adjacent = {}

# Set distance to infinity for all nodes
self.distance = sys.maxint

# Mark all nodes unvisited

self.visited = False

# Predecessor

self.previous = None

17/6/25 2085305



dijkstra/dijstra-3.py

def dijkstralaGraph, start, target):

ﬁr'éﬂ;r:_ t(};”Dijkstra’E shurtes% p::tth’;’)t Completely understand
e e distance for the start node to zero i i
start.set distance(0) this algorlthm

B Put tuple palr into the priority gqueue
unvisited queue = [(v.get distance(),v) for v in aGraph]

heapq. hea‘””(“””' sited_queue) While priority queues are often

while len(unvisited_queue): | implemented with heaps
# Pops a vertex with the smallest distance
uv = heapq.heappop(unvisited gueue)
current = uv[1]

current.set_visited() zTake a vertex from adjacency list

fifor next in v.adjacent:
for next in current.adjacent:
B if visited, skip
i f next;visitedd
continue
tat = . ' + . L ednd fanmaed
new_dist = current.get_distance() + current.get _we do if die] = E T ) 7
f new_dist < next.gzet_distance(): then d[v] < d[u] + w(u, v)
next .set_distance(new dist)
next . set_prEV|uu5(current)
print (Cupdated : current = ¥s next = ¥s new dist = ¥s') ¥
%¥(current . get |d(), next .get _id(), next. get _distance())

else:
print ("not updated : current = ¥s next = %s new dist = ¥s’) ¥
¥(current..get _id(), next.get id(), next.get dlstance())

# Rebuild heap
1. Pop every item
while len(unvisited gueue):
heapa .heappop (unvisited_queue)
# 2. Put all vert|ces not wisited into the gueue
unvisited_ogueue = [(v.get _distance(),v) for v n aGraph (7 not v.visited] 32
heapq.heapify (unvisited queue)
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def shortest (v, path):
""" make shortest path from v.previous''!
if v.previous:
path.append (v.previous.get id())
shortest (v.previous, path)

return

17/6/25 2085505y
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Dijkstra’s algorithm algorithm

source code

N

L

public static woid computePaths(Vertex source)

{

source.minDistance = 0_;
Priorityluesus<Vertex®> vertezxfusns

wvertexduens . add (source] &

while [!vertexfueune_ isEmpty()]} {

Vertex u = wertezlueus.pall(];

J#4 Vigit each edge exiting u
for (Edge e : u.adjacencies)
{

WVertex v = e_target;

double weight = e_wesight:;

double distanceThroughl = u.minDistance

= new Priocritylusus<Vertex>(];

poll() AV UFI&, 2 —DEBZHIREIUVERLEY

if (distanceThroughlU < v.minbDistance]

vertexfusue . remowre (v ;7

v.minDistance = distanceThroughl ;

v._previous = u;
vertexfueus . add(v] ;

{

class Edge
{
public final Vertex target;
public final double weight;
public Edge (Vertex arglarget, double argWeight
{ target = argTarget; weight = argWeight; }
}

+ weight;

class Vertex implements Comparable<Vertexs>
{
public finmal String name;
public Edge[] adjacencies;
public double minDistance = Double POSITIVE INFINITY:
public Vertex previous;
public Vertex(S5tring argllame] | name = argame; }
public String toString(]l [ return name; }
public int compareTo(Vertem other]
{

return Double compare (minDistance, other. minDistance);



Dijkstra_source.docx

N

List<Vertex> path

for (Yertex wertex = target! wertex
path.add{vertex);

Col lect iong. reverse(path);

returmn path;

= new ArrayList(\"er;tex) H

= public static void main(String[] arzs) {

Yertex vl = new Yertex( Redvile®);
Yertex vl = new Vertex("Blueville”);
Yertex v2 = new Vertex{“Greenville”);
Yertex w8 = new Vertex("Oranzeville’):
Vertex wil = new Vertex( "Purpleville™);

new Edze[] { new Edzel+1, §),
new Edze[] | new Edgel+0, 5),

vl adjacencies
vl.adjacencies

£0 00 -1 O O 00 P —

vi.adjacencies = new Edze[] { new Edzelw0, 81,
i, adjacencies = new Edze[] { new Edzelw1, 71,
Yertex[] vertices = { w0, w1, +2, 3, w4 |;
cempterathsl);
for (Yertex v @ vertices) |
System. sof.print In("Distance to
List<Vertex> path = geiShorfestPathla(v);
System, st print In{"Path: ™ + path);

v2.adjacencies = new Edze[] | new Edze(:0, 10),

I

public static List<Yertex> zetShortestPathTo(Vertex tarzet) {

new Edzelw2. 100,
new Edzelv2, 3)
new Edzelvl, 3
new Edzelwd, 20
mew Edzeiwd, 2)

1
i

'= null; vertex = vertex.previous)

new Edzelwd, 73 1

new Edzelvd, &) 1;
IE

+ wominbistance);

[ mogE (@ Javadoc r@ =5 (E Tot=)l 23

X %| = B E|E

{§4 T > Dijkstra [Java PH)4r—ig2s] G¥Program Files (x86)¥eclipsedjava¥t¥hingjavam exe (20120613 13:22:58)

Distance to Redvile: 0.0

Path: [Redvilel

Distance to Blueville: 5.0

Path: [Redvile, Bluevillel

Diztance to Greenwille: 8.0

Path: [Redvile, Blusville, Greenvillel
Distance to Orangeville: 2.0

Path: [Redwile, Orangeville]

Distance to Purpleville: 10.0

Path: [Redvile, Orangewille, Purpleville]

ol

Redvile

) Purpleville
Blueville

Greenville Crangeville

35




Analysis of Dijkstra’s Algorithm

N

4 while O =
do 7 <~ EXTRACT-MIN(QO)
4 ) S« Su {u}
- " for each v Adjlu
t :
mnes deg*ee(u) - do if d[v]| > dlu] + w(u, v)
\ times . then d[v] < d[u] + w(u, v)

Time = OV Tgyrpact-Min T £ T DEcrREASE-KEY)

36




Correctness (1)

N

L

Lemma. Initializing d|s| < 0 and d|v]| < oo for all
v € V— {s} establishes d[v] = o(s, v) forall v € V,
and this invariant is maintained over any sequence

of relaxation steps.
Proof. Suppose not. Let v be the first vertex for

which d|v]| < o(s, v), and let « be the vertex that
caused d|v] to change: d[v]| = d|u]| + w(u, v). Then,
d[v] <d(s, v) supposition
< 0o(s, u) + o(u, v) triangle inequality
< 0(s,u) +w(u, v) sh. path < specific path
< dlul+w(u,v)  vis first violation
Contradiction.

November 14, 2005 Copyright © 2(i]-5 by Erik D, Demaine and Charles E. Leiserson L17.28
3/
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Correctness (2)

L

Lemma. Let «# be v’s predecessor on a shortest
path from s to v. Then, if d[u]| = o(s, ) and edge
(u, v) 1s relaxed, we have d[v| = o(s, v) after the
relaxation.

Proof. Observe that o(s, v) = o(s, u) + w(u, v).
Suppose that d[v]| > o(s, v) before the relaxation.
(Otherwise, we’re done.) Then, the test d|v] >
dlu] + w(u, v) succeeds, because d|[v]| > o(s, v) =
o(s, u) + w(u, v) = dlu] + w(u, v), and the
algorithm sets d|v| = d|u]| + w(u, v) = o(s, v).

November 14, 2005 Copyright © 2001-5 by Erik D. Demaine and Charles E. Leiserson L17.30
38
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Correctness (3)

L

Theorem. Dijkstra’s algorithm terminates with
dlvl=o(s,v) forall v e V.

Proof. It suffices to show that d[v] = 6(s, v) for every
v € V'when v 1s added to 5. Suppose u 1s the first
vertex added to S for which d|u] > o(s, u). Let y be the

first vertex in /' — S along a shortest path from s to u,
and let x be its predecessor:

S, just before
adding u.

November 14, 2005 Copyright © 2001-5 by Erik D. Demaine and Charles E. Leiserson L17.32
39
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Since u 1s the first vertex violating the claimed
invariant, we have d|x| = o(s, x). When x was
added to S, the edge (x, v) was relaxed, which

implies that d[y]| = o(s, v) < o(s, u) < d[u]. But,
dlu] < d[y] by our choice of . Contradiction.

Movember 14, 2005 Copyright © 2001-5 by Erik D. Demaine and Charles E. Leiserson L17.33
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Analysis of Dijkstra’s Algorithm

L

Time = O( V)'TEXTRACT-MIN T G)(E).TDECREASE-KEY

Q TEXTRACT-MIN TDECREASE-KEY

41




BFS on unweighted graphs

N

L

Suppose that w(u, v) = | for all (v, v) € E.

Can Dijkstra’s algorithm be improved?

* Use a simple FIFO queue 1nstead of a priority
queue.

Breadth-first search

while O =
do 1 < DEQUEUE(Q)
for cach v € Adj[u]

do if d|v]| =

then d[v| < dlu]| + ]
ENQUEUE(Q, v)
Analysis: Time = O(V + E).
November 14, 20035 Copyright © 2000-5 by Erik D. Demaine and Charles E. Leiserson L17.46

W(u, v)

42










N

L

Exercises 12-1

Use Dijkstra’s algorithm to find a shortest-distance tree rooted at u in the graph G
above, labelling the vertices clearly at each stage of the algorithm, and naming the
vertices other than u as a, b, ... in the order in which you process them. (When a label
is superseded at a later stage of the algorithm, cross it out in such a way that it is still
legible beneath the crossing.)

BAHDANSTILAYRX LZRAWNTYSIGH/—FRuZiRETIREREAEZRD
(FHED, PILTOYVXLOEEBICBLWTCRIBERADEAELRIZEET L,

G

45




Exercises 12-2

BADANSTILAYX LEZRAWNTYSI7GH/—Fs%#=RBETIRERBAEZRD
S PO A LD B BEEBICBWTRIBEEADEAXELFIEIRT L,

/1\
\/ \/

Exercises 11-3

Please add comments to the Dijkstra’s algorithm in Java.
(source code)

17/6/25 128574 46



Dijkstra_source.docx

