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COntentS (LS —r--Search trees)

# Searching problems
# AVL tree
# 2-3-4 trees (insertion)
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Searching Problems

Problem: Given a (multi) set Sof keys and a search key K
find an occurrence of K'in S, if any

# Searching must be considered in the context of:
= file size (internal vs. external)

= dynamics of data (static vs. dynamic)
# Like Dictionary: Dictionary operations (dynamic data):
= find (search)
= insert
= delete
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Taxonomy of Searching Algorithms

@

# Tree searching

= binary search tree (pre-, post-, in- order search)
= binary balanced trees: AVL trees, red-black trees
= Multi-way balanced trees: 2-3 trees, 2-3-4 trees, B trees




AVL tree = Balanced binary search tree

o EE2DERAKR
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balanced?




AVL - Good but not Perfect Balance

N

(6) (5)
e o :;rz)srﬁglgtg tree
—p-

O ©®

« AVL trees are height-balanced binary
search trees

« Balance factor of a node
» height(left subtree) - height(right subtree)

 An AVL tree has balance factor
calculated at every node

» For every node, heights of left and right
subtree can differ by no more than 1

9 perfect balanced




Node Heights

N

Tree A (AVL) Tree B (AVL)
height=2 BF=1-0=1

Count from leaf nodes

height of node = h
balance factor = hyeg-hyigne
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Tree A (AVL)

Node Heights after Insert 7

Tree B (not AVL)

balance factor
0-(-1)=

(-1)=1




Work in class

~ AVL A2

AVLAR D &R 573 REBAVLA
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WOI’k |n CIaSS (answer)

AVL AK?

Look at here!

(b) no

(c) yes
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(2 4) Trees

BRIZZRDIEDFEHRK(NTUVAKR)THD, 1 /—FhimK

mBEOHEMNELSEE, ChEA—F —(order) m DBREWLS,
« BROFTEEIZ. A—F—3DELDE2-3K. A—F—4D1 D
72-3-4K (2, 4) £ SN,
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Features of 2-3 Trees

No 1-nodes

2-nodes can have 1 item and 2 children

3-nodes can have 2 items and 3 children

Depending on the number of children, an internal node of
a 2-3 tree is called a 2-node or a 3-node

(a) (b)

Search keys < S Search keys > 5 Search keys < S Search keys > L

Search keys > S
and <L

12
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Features of (2,4) Trees

e 4-nodes can have 3 items and 4 children
e Depending on the number of children, an internal node of
a (2,4) tree is called a 2-node, 3-node or 4-node

S M L
Search keys < S / \ Search keys > L
Search keys > S and < M Search keys > M and < L
C11 242

13




Height of a (2,4) Tree

(2,4)RKDFX

# Theorem: A (2,4) tree storing n items has height O(log n)
# Searching in a (2,4) tree with n items takes O(log n) time

N

Work in Class

Hint: refer to the following binary tree,
proof this theorem

depth items

0 I e e oo e

1 2R e e e el et et e

h-1 2hl-——mmm -

h 0 -—————-- —{--CO--{F--0O--{F-100--1F-

14




(2, 4) Tree: Insertion A

N

~ @ We insert a new item at the parent v of the leaf reached by

searching for k
= We preserve the depth property but

= We may cause an overflow (i.e., node v may become a 5-node)

J—FEM5IZHE>TLEWNA—/N—T0—
#® Example: inserting key 30 causes an overflow

Is it correct?
If no, what is the problem?

27 30 32 35

oo

5



Overflow and Split
A== &5 3

" & We handle an overflow at a 5-node v with a split operation:
A—N\—D0—ZfRRT H=-OIZHHRZITD

# The overflow may propagate to the parent node u
HTHD/—FRulzk>TAH—/\—TO0—R[EFES

/\

STRTETI> (i) (b, D @
7255

Y, Vy V3 PV, Vs VIV, vy Wy, v5

u overflow!
@ how to insert?
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(2,4) Tree: Insertion

Inserting 60, 30, 10, 20, 50, 40, 70, 80, 15, 90, 99
2-3-4 tree insert

60]30]10]z0]s0]40]70]50]15]90]es

|1D|15|2D| EIDI!EIDIEI!HI




(2,4) Tree: Insertion

| Inserting 60, 30, 10, 20 ...

(a) (b) @ (©) @
CEDEENON® ®

... 50, 40 ...




(2,4) Tree: Insertion

T Inserting 50, 40 ...

(10 20)

(40 50 60)

.. 70, ...
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Work in class

inserting 60, 30, 10, 20, 50, 40, 70, 80, 15, 90, 99

Insert 70, please draw (2,4) tree

20




(2,4) Tree: Insertion

T Inserting 80, 15 ...

/TN

(10 15 20) @ (60 70 80)

.. 90 ...
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Work in class

inserting 60, 30, 10, 20, 50, 40, 70, 80, 15, 90, 99

Insert 90, please draw (2,4) tree

22




(2,4) Tree: Insertion

N

J Inserting 99 ...

i) @ @ @

(b)

—
50 @ @ (=




N

(2,4) Tree: Insertion
@ ©

! Inserting 99 ...

70

BDIEIIJIEIEII

|1DI15|2EII




Insertion in 2-3-4 trees

Step 1 Searchfaorthe itemto beinserted(same asin 2-3trees).

Step 2 Insertatthe leaflevel. The following cases are possible: & b~ < A S

« The termination node is a 2-node. Then, make it a 3-nede, andingertthe

new item appropriately.
« Thetermination nodeis a 3-node. The
new item appropriately.

« The termination node is a4 node. Splitis, passthe middle tothe parent, and
insertthe new item appropriately.

akeit a 4-node, andinsertthe

Generalrules forinserting new nodes in 2-3-4 frees:

puringthe search step, every time a Z2-node connectedto a 4-node
Sercountered, transformitinto a 3-node connectedto two 2-nodes.
Duringthe search step, every time a 3-node connectedto a 4-node
is encountered, transformitinto a 4-node connectedto two 2-nodes

Mote that two Z2-nodes resulting fromthese transformations have the same number
of children as the original 4-node. This is whythe split of a 4-node/does not affect
any nodes belowthe levelwherethe split occurs.




Understand it from the Python code

-———— =

W WEY WYY WY WIS YR R M W YRR WY R W LR WY YO W " e e W w g

- Step 2 Insertatthe leaflevel. The following cases are possible:
* The terminationnodeis a 2-node. Then, makeit a3 3-node, andinsertthe
new item appropriately.

* Thetermination nodeis 3 3-node. Then, make it a 4-node, andinsertthe
new item appropriately.

* Thetermination node is ad node. Split i3 pass the middle tothe parent, and
insertthe newitem appropriately.—

vhile True: 284
f pCurNode.isFull(): #if node full,
self.split (pCurNode) Bsplit it

pCurNode = pCurNode.getParent () Hback up
fisearch once

pCurNode = self.getNextChild(pCurNode, dValue)
flend if (node is full)

| i f pCurNode isLeaf(): Hif node is leaf,
breal fzo insert
ﬂnode is not full, not a leaf; so go to lower level

pCurNode = self.getNextChild{pCurNode, dValue)
Hend while _ g

26
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(2,4) Tree: Insertion Procedure

d

jamp

b

Splitting 4-nodes

pIltemC

In parent level
pltemB

c d a b c d

def split(self, pThisNode): Bsplit the node

ftassumes node is full

pltenC = pThisNode.removeltem() Hremove itens from
pltemB = pThisNode.removelten() #this node

pChild2 = pThisNode.disconnectChild(2) Hremove children
pChild3 = pThisNode.disconnectChild(3) Hfrom this node
pNewRight = Node() finake new node

#if this is the root,
#make new root

froot is our parent

If pThisNode == self._pRoot:
self._pRoot = Node()
pParent = self. pRoot

self._pRoot.connectChild(0, pThisNode) Hconnect to parent

fithis node not the root
pParent = pThisNode.getParent () Hzet parent

Y [
L=B =1

fideal with parent
itemIndex = pParent.insertItem{pItemB) Hitem B to parent
n = pParent.zetNumItens() ftotal items?

j = n-1#move parent’s

while > itenlndex: ficonnect ions
pTemp = pParent .disconnectChild(j)
pPare?t.cunnectChiId(j+|, pTemp)
J-:

fone child
fito the right

iconnect newRight to parent
pParent .connectChild(itenIndex+1, pNewRight)

ideal with newRight

pNewRight . insertItem(pltemC)  Hiten C to newRight
pNewRight .connectChild(0, pChild2) fticonnect to 0 and 1
pNewR i ght .connectChild(1, pChild3) flon newRight

Hend split()
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(2,4) Tree: Insertion Procedure

Splitting a 4-node whose parent is a 2-node during insertion
(a)

H =
€ e
S M L (s) (L)
a b c d a b c d
(b)
(P —
a a
S M L (s) (V)




(2,4) Tree: Insertion Procedure

N
\J

Splitting a 4-node whose parent is a 3-node during insertion

(b)

g
)

4‘
"; i




Analysis of Insertion
HADDHT

N

Algorithm insertltem(k, o) X 2 _Ltet T be a (2,4) tree with n
items

1. We search for key k to locate the NEDEZFD2-4K. TTH

insertion node v o

= Tree T has O(log n)
height

= Step 1 takes O(log n)
time because we visit

2. We add the new item (k, o) at node v

3. while overflow(v) O(log n) nodes
If isRoot(v) = Step 2 takes O(1) time
create a new empty root above v = Step 3 takes O(log n)
v < split(v) time because each split

takes O(1) time and we
perform O(log n) splits
# Thus, an insertion in a (2,4)
tree takes O(log n) time

30
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2-3-4 Tree

- Insertion process implementation in python

L

class Dataltem:

def __init__(self, dd): Hspecial method to create objects
Hwith instances customized to a specific initial state
self.dData = ddfone piece of data

def displayltem(self): H#format ™ /277
orint /7, self.dData,
flend class Dataltenm

31




class Node:

T

flas private instance variables don’t exist in Python,
ﬁgEEEE usLng a convention: name prefixed with an underscore, to treat them as non-public part
def _init_(self):
self._numltems = 0
self._pParent = None
self._childirray = [1 #array of nodes
self. itembhrray = [] Harray of data
for j in xrange(self._ORDER): fHinitialize arrays
self._childArray.append (None)
for k in xrange(self. ORDER - 1):
self. itemArray.append(None)

#iconnect child to this node
det connectChild(self, childNum, pChild):
self. _childhrray[childNum] = pChild
It pChild:
pChild. pParent = self

#idisconnect child from this node, return it
det disconnectChild(self, childNum):
pTempNode = self. childArray[childNum]
self._childdrray[childNum] = None
return pTempNode

def getChild(self, childNum):
return self._childérray[childNum]

def getParent (self):
return self._pParent

def isLeaf (self):
return not self. _childarray[0]

def getNumltems(self):
return self._numltems

def getltem(self, index): fzet Dataltem at index
return self._itemdrray[index]

def isFull(self):
return self. numltems==self. ORDER - 1




def findItem(self, key): #return index of
for j in xrange(self. ORDER-1): #item (within node)

if not self. itemArray[]j]: #if found,
break #otherwise,
elif self. itemArray[j].dData == key: #return -1

return j

return -1
#end findItem

def insertlItem(self, pNewltem):
#assumes node is not full
self. numltems += l#will add new item
newKey = pNewItem.dData #key of new item

for j in reversed(xrange (self. ORDER-1)): #start on right, #examine items
if self. itemArray[j] == None: #if item null,
pass #go left one cell
else: #not null,
itsKey = self. itemArray[j].dData #get its key
if newKey < itsKey: #if it's bigger

self. itemArray[j+1] self. itemArray[j] #shift it right

else:
pNewltem #insert new item

self. itemArray[jt+1]
return jt+l#return index to new item
#end else (not null)
#end for #shifted all items,
self. itemArray[0] = pNewItem #insert new item
return 0
#end insertItem()

33
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def removeltem(self): #remove largest item
#assumes node not empty
pTemp = self. itemArray[self. numItems-1] #save item
self. itemArray[self. numItems-1] = None #disconnect it
self. numItems -= l#one less item

return pTemp#return item
def displayNode (self): #format "/24/56/74"
for j in xrange (self. numItems) :
self. itemArray[j].displayItem() #format "/56"
print '/' #final "/"

#fend class Node

34




class Tree234:
Has private instance variables don’t exist in Python,
fthence us{ng(a ???ventinn: name prefixed with an underscore, to treat them as non-public part
det _init__(self):
self. pRoot = Node() #iroot node

def findiself, key):
pCurNode = self._pRoot Hstart at root
while True:
chi ldNumber=pCurNode.f indItem(key)
it childNumber '= -1:
return childNumber fifound it
el if pCurNode.isLeaf():
return -1#can’™t find it
else:  Hsearch deeper
pCurNode = self.getNextChild(pCurNode, key)
flend while

det insertiself, d¥alue): flinsert a Dataltenm
pCurNode = self._pRoot
pTempltem = Dataltem(dValue)

while True:
it pCurNode.isFull(): H#if node full,
self.split(pCurNode) fHsplit it
pCurNode = pCurNode.getParent () Hback up
#isearch once
pCurNode = self.getNextChild(pCurNode, dValue)
flend if (node is full)

el if pCurNode.isLeaf (): H#if node is leaf,
break  #go insert
#node is not full, not a leaf; so go to lower level

else:
pCurNode = self.getNextChild(pCurNode, dValue)
flend while
pCurNode.insertItem(pTempltem) Hinsert new iten
flend insert ()

35




def split(self, pThisNode): fisplit the node
Hassumes node is full

pltemC = pThisNode.removeltem() Hremove items from
pltemB = pThisNode.removeltem() Hthis node

pChild2 = pThisNode.disconnectChild(2) #remove children
pChild3 = pThisNode.disconnectChild(3) Hfrom this node
pNewRight = Node() #imake new node

't pThisNode == self. _pRoot: Bif this is the root,

self. pRoot = Node() Bmake new root

pParent = self. pRoot Hroot is our parent

self._pRoot .connectChild(0, pThisNode) Hconnect to parent
else:  H#this node not the root

pParent = pThisNode.getParent () ffzet parent

fideal with parent
itemIndex = pParent.insertItemipltemB) fitem B to parent

n = pParent.getNumltens() Htotal items?

i = n-1#move parent’s

while § > itemIndex: #iconnect ions
pTemp = pParent .disconnectChild(j) fone child
gParent.cnnnecchiId(j+l, pTemp) to the right

i -=1
Hlconnect newRight to parent
pParent .connectChild(itemIndex+1, pNewRizght)

fideal with newRizght
pNewRight .insertItem(pltenC) Hitem C to newRight
pNewRight .connectChild(0, pChild2) #iconnect to 0 and 1
pNewRi ght .connectChild({1, pChild3) #on newRight
fend split () .




fzets appropriate child of node during search of value
def getNextChild(self, pNode, theValue):
Hassumes node is not empty, not full, not a leaf
numltems = pNode.getNumItems()

for i in xrange(numltems): Hifor each item in node
f theValue < pNode.getltem(j).dData: Hare we less?
return pNode.getChild(j) Hreturn left child
elser  Hend for fwe're greater, so

return pNode.getChildi(j + 1) #return right child

def displayTree(self):
self.recDisplayTree(self._pRoot, 0, 0)

def recDisplayTreeiself, pThisNode, level, childNumber):
orint "level=", level, 'child=", childNumber,
pThisNode.displayNode() #display this node

fical | ourselves for each child of this node
numltems = pThisNode.zetNumltems()
for § in xrange(numltems+1):
pNextNode = pThisNode.getChild(j)
't pNextNode:
self.recDisplayTree(pNextNode, level+1, j)
glse:
return
flend recDisplayTree()
flend class Tree234

37




pTree = Tree234()
pTree.insert (50)
pTree.insert (40)
pTree.insert (B0)
pTree.insert (30)
pTree.insert (70)

ﬁaa Pﬁth%g doesn’t support switch, simulating the same with dictionary and functions
cef showl):
pTree.displayTree()

def insert():
value = int (raw_input ("Enter value to insert: '))
pTree.insert (value)

def find():
value = int(raw_input ("Enter value to find: "))
found = pTree.find(value)
it found != -1:
print "Found”, value
eglse:
print 'Could not find’, value

case = { "s’ : show,
"I" 1 insert,
7 find}
fswitch simulation completed

while True:
print
choice = raw_input (’Enter first letter of show, insert, or find: ')
'f case.get (choice, None):
casel[choicel ()

elge:

fend while
del pTree
lend

print "Invalid entry’

38




2-3-4 tree demo

Phitp://www.cs.unm.edu/~Fpm/499/ttft. html

2-3-4-tree.jar

http://stackoverflow.com/questions/15047935/234-tree-python

http://www.clear.rice.edu/comp212/01-fall/lectures/33/

https://tbc-python.fossee.in/convert-
notebook/Sams Teach Yourself Data Structures and Algorithms Analysis in 24 Hours/chapter20 1.ipynb

39



http://www.cs.unm.edu/~rlpm/499/ttft.html
../2-3-4-tree.jar
http://stackoverflow.com/questions/15047935/234-tree-python
http://www.clear.rice.edu/comp212/01-fall/lectures/33/
https://tbc-python.fossee.in/convert-notebook/Sams_Teach_Yourself_Data_Structures_and_Algorithms_Analysis_in_24_Hours/chapter20_1.ipynb
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Exercise 5-1

Consider the following sequence of keys: (2,3,7,9). Insert the
items with this set of keys in the order given into the (2,4) tree
below. Draw the tree after each removal.

COF—DEyrEED(2,4)RICHRALGESLY,
ENENDBARD(2,4)KREEELEELY,

F—ERF|IZDOLNTEZS: (2,3,7,9).

40
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Exercise 5-2

/3.3.1 Understand 2-3-4 tree and run the example implementation in Python
(given in this slide)
3.3.2 (optional) Improve the program so that it have GUI for insertion

2-3-4 Tree — O X

hTree-insertEﬁﬂg'
pTree.insert (40
pTree.insert (B0)

pTree.insertESD
pTree.insert (70

{Fasiat] Faser | iowe || siowsst [ | ner| |

and can display 2-3-4 tree.

Enter first letter of show, insert, or find: s

L RET AT,
Eve s e - -3-4 Tree _
level= 1 child= 1 / B0 / 70 / £]2-347 0 X




2-3-4 Tree: Deletion

Deletion procedure:

e jtems are deleted at the leafs
- swap item of internal node with inorder successor

Deleting 70: swap 70 with inorder successor (80)

N

Delete 70

Swap with inorder successor

(b) © (o
® 0 W @K O

Delete value from leaf Merge nodes by deleting empty leaf and moving 80 down

Delete, then handle problem




2-3-4 Tree: Deletion

Deletion procedure:

e items are deleted at the leafs
- swap item of internal node with inorder successor

N

Delete 70

Swap with inorder successor

merge
60,70,80 90 pull down 70

....... |:>/ %

rd Wilh INDrEEr SUCTRSSOr

Prevent problem, then delete
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2-3-4 Tree: Deletion

Note: a 2-node leaf creates a problem (1-node, underflow )
Solution: on the way from the root down to the leaf
- turn 2-nodes (except root) into 3-nodes

Case 1: an adjacent sibling has 2 or 3 items
- "steal" item from sibling by rotating items and moving subtree
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2-3-4 Tree: Deletion

Turning a 2-node into a 4-node ...

Case 2: each adjacent sibling has only one item

- ‘"steal" item from parent and merge node with sibling
(note: parent has at least two items, unless it is the root)
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Deletion - more example

#® Example: to delete key 24, we replace it with 27 (inorder successor)

< 10 15 24
=i

46




Deletion - more example

the adjacent siblings of v are 2-nodes

= merge v with an adjacent sibling w and move an item from u to the
merged node V'

= After merging, the underflow may propagate to the parent u

N

——
- - -

. u

\
Delete’and handle underflow

\\ (merge)
Vo ﬁ>

47
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Deletion - more example

L

an adjacent sibling w of v is a 3-node or a 4-node
= Transfer operation:
1. we move a child of wto v
2. we move an item fromu to v
3. we move an item from w to u
= After a transfer, no underflow occurs

438
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Analysis of Deletion
HIERD 73 7

#® Let T be a (2,4) tree with n items

= Tree T has O(log n) height
ARTOEEIEO(log n)

# In a deletion operation

= We visit O(log n) nodes to locate the node from which to
delete the item

HIR T B71=61Z0(log n)D /—F %N 5
= We handle an underflow with a series of O(log n) fusions,
followed by at most one transfer

= Each fusion and transfer takes O(1) time
BREBRE: O(1)

Thus, deleting an item from a (2,4) tree takes O(log n) time
(2,4) K TOHIFRDEFRE: O(log n)

17/5/14 1885484 (2,4) Trees
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/2-3-4 Tree: Deletion Practice

Delete 32, 35, 40, 38, 39, 37, 60




2 3-4 Tree: Deletion Practice

(solution)

Delete 32, 35, 40, 38, 39, 37, 60

result
I )

50 90

O (70.80) (09



2015-lect03-Solution.ppt
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Consider the following sequence of keys: (4, 12, 13, 14). Remove the
items with this set of keys in the order given from the (2,4) tree below.
Draw the tree after each removal.

F—EHIZDLNTEZRS: (4, 12, 13, 14),
ZDF—DEYrERD(2,49)KRIZHIBRLAEILY,
ZTNENDHIBREBD(2,4) KREHEIEILN,
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