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# Review of Data structures for trees
# Tree traversal
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An example

sorted sequence

2 2 5 6
/ merge \

-
<
2 4 5 7| 1 2 3 6|
/ merge \ / merge \
merge me ru\ meru& merge
2] [4] [1] 6]

initial sefuence

The operation of merge sort on the array A [5; 2; 4; 7; 1; 3; 2; 6]. The lengths of the
sorted sequences being merged increase as the algorithm progresses from bottom to top.

MERGE-SORT A[] ..
1. If »=1, done.

2. Recursively sort A[ 1. .[n/2]]
and A[ [n/2H1..n].

. “Merge” the 2 sorted lists.

]



k =
Tim ch 2k =n

klg(2) = Ig(n)
/ \ / \ k = Ig(n)

Tin'2) Tn2) cit2 chi2
A AT B
Tin'4) T(n/4) Tini4) Tin/4d) / \
2! cnl2 o+ waflie cp
(a) (b) (c)
‘ lg / \ / \
22 chl4 cni4 cnid cifd wedie o
I(n) MERGE-SORT A[] .. n] / \ / \ / / |
. 0(1) 1. If n=1, done. N
21(n2) 2. Recursively sort A[ 1 ..[n/21]
and A[ [n/2H1 . .n]. O S S
O(n) 3. “Merge” the 2 sorted lists. T
@ ] if = 1, ‘ Total: cnlg 4 cn
T(n) - { ( ) n . (d) &
2T(n/2) + O(n) it n > 1. O(n 1g n) grows more slowly than O(»?).

T(n) _ 2T(n/2) _|_ Cn, Whel‘e C > 0 iS COIlStaIlt. The worse case: reverse ordered;

The best case: complete sorted A




Review of some analysis notations

O -notation

N
\J

cagln)

fin)

crg(n)

n
fig

Fln)y=©(g(n))
(a)

Gg(n)) = { f(n) : there exist positive constants ¢, ¢», and #ny such that

0<cign) = f(n) <cygn) foralln = ny} .

1
I
I
|
\
\

\
\

O-notation asymptotic upper bound,

(g(n)) = { f(n): there exist positive constants ¢ and ny such that

0< f(n) <cg(n)foralln = ny}.

§2-notation asymptotic lower bound

CR(g(n)) = { f(n) : there exist positive constants ¢ and ny such that

0=cg(n)= f(n)foralln = ny} .

/
/

/

/7

7

N
ON

fp

(b) .

_____

fin)

\
\ ver
\ cegln)
|
| |
I |

n
My

Fln) = Qgin))
(<)
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» w-iBiE (URILA AR ELE)
EITHRFADENERGIRAFE LD T HRZE (D 5H<) 51l




g;:
S
T}

d5 (F L¥) asymptotic summary

¢y, c,, NN >Ny f(m)=cgn) +g'(n)
fn) =06(g(n) 1O ZS cgg(n) Sof(n) <c,g(n) T{i_r)lgog'(n)/g(n) =0

f(n) =0(gn)) 3Fc,ngvn=ny:0<f(n) <cg(n) lim £ =(¢ (c = 0)

f(n) =Q(gn)) 3Fce,ngvn=ny:0<cgn) < f(n) lim 2% —(¢ (c=0)

noo f(n)

fn)

f(n) =o0(g(n)) Ve Ing¥n=ng:0<f(n) <cg(n) lim 5 =0
f(n) =w(gn)) VeIngVn=ny:0<cgn)<f(n) lim g _ 0

noe f(m)
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Working In class %)

N

LT DRDEFEHF(n)ERFREIUILTET7ILTY X LA
REZEECDIZI(N)TA7OF A0S EE, thFfE (L
second) THEKZEMTEARAD YA AnE RO K.

t 1%

f(n)
lgn

Jn

nlgn




f |
lgne | 1gn=10°
nzg(m Bl
Jne | 10%
ne 105,
nlgne | nlgn=10°"
n=6x10%
ne | 10°»
n3e | 10%
n. | 2n=10%
n=1g(10°)=19
nle | nl=10%
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What Is a Tree
y, Wl b= e

“# A tree is an abstract model of
a hierarchical structure \
ﬁ*ﬁiﬁliﬂ%@*ﬁiﬁd)m%%@%?

# A tree consists of nodes with a

parent-child relation ’
AL BFEROHD/—FTERK

# Applications:

= Organization charts
H 8k

m File systems
T7AIWD AT L

= Programming environments
TSIV R

Sales

Apple Inc.

[ Manufacturing ] [R&D ]

[US ] [ International ] [ M

[ Europe ]

[Aﬁa]

[ Canada ]

10




Basic elements HEAKEX

N

“# Root: node without parent (A)
B HOLEL/—F

# Internal node: node with at least one
child (A, B, C, D)
NEET : DEERVEDDFEFEHLD/—F

# External node (a.k.a. leaf ): node

without children (E, F, J, K, L, M)
NERETGEFR. ) : FDELN/—F

11




N

Terms A:iE

# Ancestors of a node: parent,
grandparent, grand-grandmother, etc.
/—FD&A R AXRE, SHBGE

# Depth of a node: number of ancestors
/—FDFRS FEHDOE

# Height of a tree: maximum depth of any

node
RKDES:/—FDERRDFE

# Descendant of a node: child, grandchild,
grand-grandchild, etc.
/—rDFFRFH. R BREE

# Subtree: tree consisting of a node and AL L' AN
its descendants ‘ PN T T
BAK: /—REZDFREMOHDHAK @ @D

-,
---------



プレゼンター
プレゼンテーションのノート
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Tree ADT (abstract methods)

ADT: abstract data type

N

An example
# Generic methods: #® Query methods:
m integer size() = boolean isinternal(p)
= boolean isEmpty() = boolean isExternal(p)
m Objectlterator elements() = boolean isRoot(p)
= nodelterator nodes() # Update methods:
# Accessor methods: = Vvoid swapElements(p, q)
= node root() = Object replaceElement(p, 0)
= node parent(p) # Additional update methods
= nodelterator children(p) may be defined by data

structures implementing the
Tree ADT

13




Data Structure for Trees

RKDFE=ODT—3F1&

# A node is represented by
an object storing
J—RIELTF&FEOA TS !
JhTREEND :

s Element B3
= Parent node #H]/—F

m  Sequence of children
nodes F/—F®D3I

N

# Node objects implement

the Positipn ADT
J—RATOTHR (B)
Position ADTZ3E#&E3 3%

A

14
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An Node implementation example in Python
http://www.quesucede.com/page/show/id/python-3-tree-implementation

node.py

# Copyright (C) by Brett Kromkamp 2011-2014 (brett@perfectlearn.com)
# You Programming (http://www.youprogramming.com)
# May @3, 2014

class Node:
def __init__ (self, identifier):
self. identifier = identifier
self. _children = []

@property
def identifier(self):

return self.__identifier

@property
def children(self):

return self.__children

def add_child(self, identifier):
self. children.append(identifier)

17/5/1 118315 Trees

15



http://www.quesucede.com/page/show/id/python-3-tree-implementation

Preorder Traversal
TEMITFIELZEY Image:

Top (root) down to leave

N

& A traversal visits the nodes of a Algorithm preOrder(7,v)
tree in a systematic manner N
BEYIE ARO/ ISR LA T VISit(v)

# In a preorder traversal, a node is for-each w i T.children(y)

visited before its descendants do

4= N 2T s ZEAIZAL :-I
ggb\(ﬂug TZYTIE., XPIEHIZIBEH preordel‘ (T,W)

@ Application: print a structured
document/article 1 _ _
LN =XXZ DR  Make Money Fastt | First is root node

2/N9

[ 1. Motivations ] [ 2. Methods ] [ References ]

3/\4 6 7 8

. 2.1 Stock 2.2 Ponzi 2.3 Bank
[ s ] [ -2 (el ] [ Fraud J [ Scheme J [ Robbery}

16
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Postorder Traversal
&Y YT EEZF Y Image:

Bottom (leave) up to root

N

L/

# In a postorder traversal, a node is Algorithm postOrder(7,v)
visited after its descendants _ , j
IBYAITIELZY T, FROEIC for each w i 7 .children(v)
/—FENIZAIBEHS, do

# Application: compute space used
by files in a directory and its postOrder (7,w)
subdirectories visit(v)
TALORIDFRDI7A4ILOZTDH

_7+ gﬂz%uwﬁﬁéhéz&—x

7 (ester

Last Is root node

[ homeworks/ ]

[ programs/ ]

2 4 ) 6
hilnc.doc DDR.java Stocks.java Robot.java
2K 10K 25K 20K

17




Inorder Traversal
iL L) 7b§ (Tlllﬁfd:% L) Iler?tat?rgéch (middle) right branch

.
N
# |n an inorder traversal Algorithm inOrder(T,v)
a node is visited after if 7"hasLeft (v)
Its left subtree and inOrder (T left(v))
before its right subtree visit(v)
BYMITFIEGZZEY T, /—F if 7 hasrioht
DRIZEDEH K. /—FD ol e e v) .
BIZEDBARERL S, inOrder (Tright (v))
# Application: draw a

binary tree

= X(V) = inorder rank of v
s (V) = depth of v

Note: node insertion follows Inorder

18



BinaryTree ADT
Z 5 ARADT

N

L/

# The BinaryTree ADT
extends the Tree ADT,
l.e., 1t inherits all the
methods of the Tree
ADT

S RADTIEARADTZ#L5RL
-t TH5,

# Additional methods:
= node leftChild(p)
= node rightChild(p)
= node sibling(p)

# Update methods
may be defined by
data structures
Implementing the
BinaryTree ADT
ZAARADTERET DT —%F
BEICEYAVIEDNERSN
%)

19




N

Data Structure for Binary Trees

—HADT 5

L/
# A node is represented by

# Node objects implement Z

an object storing %)
= Element ?
= Parent node l
= Left child node B
= Right child node

)
Jxntl
the Position ADT | /
A

20




Binary Tree
:/\7|(

N

L/

# A binary tree is a tree with

the following properties:
ZHAKRKIFIUTOHENHS:

s Each internal node has two
children
TNETNDOAREEIZIT2DDF
NH 5

s The children of a node are an
ordered pair

/—RDFIFIEFRTHS
# \We call the children of an
Internal node left child and
right child

® TNTNDF/—RETEITA L
[End

21




Binary Tree
:/\7|(

N

L/

# Alternative recursive definition:
a binary tree is either

AMOBIFHIESR: —n2RKIE
= a tree consisting of a single node,

or
=1=O0EDD/—FD BB DN,
s a tree whose root has an ordered
pair of children, each of which is

a binary tree
BN o RKTHLIFH-DLIERF XA
4K

# Applications:
= arithmetic expressions
HifrRR
m decision processes
RETOEX
= searching

R

22




Arithmetic Expression Tree
I=RTIE=WOY N

N

L/

# Binary tree associated with an
arithmetic expressmn

Za RORERE IZFE T 2R E
D(T5

C mterQ’gI nodes: operators
NERET: FiTERF
= external nodes: operands

SVERER : ETER F
Example: arithmetic
expression tree for the
expression

2x(@-1)+ (3 xh) ' y

23



Properties of Proper Binary Trees
EiRd P, b NS

N

L/
# A binary tree is proper if

each internal node has & Propertles:
exactly two children. e=i+1
TNENONEHBEI2 DD FA m.L=
mab TR AKRITEY)T
H5b m h=2e-1
# Notation .
n number of nodes = h <|
c_a number of fexternal nodes - h < (n L 1)/2
I  number of internal nodes
h height meg2h
= h>log,e

= h>log,(n+1)-1

24




Tree Drawing

N

== :ti
* d) :E= % https://cis.k.hosei.ac.jp/~rhuang/Miccl/Algorithm3/treeDemo/index.html
%

1 1 1) L) ] ) 1 [} L) 1 1
0 --F-d4-—+-—=F-—dA-—+ -k~ ===+ —— -
[ T T T B B I T
R | I |
1 A e e e e CTT T T T T T T
I i | o [
2 L (YTt Fa--to T 1] =)
| R | o o
| S T T oo
3 - +
|
|

|
-—H-—+- A-=4—-—-t+—-——-4 F-+-| |-+--F-

| |

| n

height
in blue: 0,1,2, 3

Visiting order (inorder traversal)
inred: 1, 2,3,4,5,6,7,8,9

25



プレゼンター
プレゼンテーションのノート
http://www.cs.unm.edu/~rlpm/499/ttft.html　2-3-4　Tree
https://cis.k.hosei.ac.jp/~rhuang/Miccl/Algorithm3/treeDemo/index.html


https://cis.k.hosei.ac.jp/~rhuang/Miccl/Algorithm3/treeDemo/index.html

Print Arithmetic Expressions
ﬁf’ﬁﬂd)ﬁiﬁ? (using inorder)

N

L/
& frlgsgggaﬂon of an inorder Algorithm printExpression(7,v)
BY BN FIELEY DR A7 if T'1sExternal (v)
= print operand or operator print the value at v

when visiting node

n print “(* before traversing left else
subtree print(“(”)
rint “)* after traversing right : .
) Fs)ubtre?a )T printExpression(7; 7’ left(v))

print the operator at v
printExpession(7; 7.right(v)
print (*)")

(2x((@-1)) + (3 xh))

26



Evaluate Arithmetic Expressions

EM K DR

N

L/
# Specialization of a postorder

traversal

m recursive method returning
the value of a subtree
A ARKDEZRT BIFRHIAYYE
= when visiting an internal
node, combine the values
of the subtrees
W%Bﬁ;ﬁgﬁ%“ot&%\ A RD

Bzt s

Algorithm evalExpr(T,v)

If T.isExternal (V)
return v.element ()

else
X <«— evalExpr(T.left(v))
y « evalExpr(T.right (v))
¢ « operator stored at v
return x oy

S 1

http://interactivepython.org/courselib/static/pythonds/BasicDS/InfixPrefixandPostfixExpressions.htra¥



プレゼンター
プレゼンテーションのノート
Postorder: (2 (5 2 <->)<+>) (3 2 <x>) <+>)
In order: 2*(5-1) + 3 * 2


Infix to Prefix/Infix to Postfix Expressions

-

7 Infix Expression Prefix Expression Postfix Expression
(A+B)*C *+ABC AB+C*
A+B*C+D ++A*BCD ABC*+D+
(A+B)*(C+D) *+AB+CD AB+CD+*
A*B+C*D +*AB*CD AB*CD*+
A+B+C+D +++ABCD AB+C+D+

Conversion of Infix Expressions to Prefix and Postfix

/-—\ ’/"\
( A ( B8 * € ) _.) ( A ( B * € ) 9
~— B N, .

http://interactivepython.org/courselib/static/pythonds/BasicDS/InfixPrefixandPostfixExpressions.html
28




N

L/

Infix to Postfix Expression in Python

17/5/1 118315 Trees
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def infixToPostfix(infixexpr):
prec = {}
prec["*"] =3
prec["/"] =3
prec["+"] = 2
rec["-"] = 2
(prec["("] =1
\:)JpStack = Stack()
postfixList = []
fokenList = infixexpr.split()

for token in tokenList:

postfixList.append(token)
elif token == "(":
opStack.push(token)
elif token ==")":
topToken = opStack.pop()
while topToken 1= "(":
postfixList.append(topToken)
topToken = opStack.pop()
else:
while (not opStack.isEmpty()) and ¥
(prec[opStack.peek()] >= prec[token]):
postfixList.append(opStack.pop())
opStack.push(token)

while not opStack.isEmpty():
postfixList.append(opStack.pop())
return " ".join(postfixList)

print(infixToPostfix("A * B + C * D"))

print(infixToPostfix("(A+B)*C-(D-E)*(F+G)")

-*+A B (Q

*-DE+FG

(A+B)*C-(D-E)*'(F+G)

(((A+B)*C)-((D-E)* (F+@G)))
/ e

Prefix Postfix

if token in "ABCDEFGHIJKLMNOPQRSTUVWXYZ" or token in "0123456789""

AB+C*"DE-FG+ "

class Stack:
def __init__ (self):
self.items =[]

def isEmpty(self):
return self.items == []

def push(self, item):
self.items.append(item)

def pop(self):
return self.items.pop()

def peek(self):
return self.items[len(self.items)-1]

def size(self):
return len(self.items)

AB*CD™*+

AB+C*DE-FG+*= 30




Decision Tree
RTENR

N

NERET yes/no B RIEI1E
m external nodes: decisions
S\ ERER R TE

# Example: dining decision

# Binary tree associated with a decision process

RETOEXICEER ITONE 57K
= internal nodes: questions with yes/no answer

[Want a fast meal?]

Yes

[How about coffee?] [On expense account?]

Starbucks

Spike's

Al Forno

Cafe Paragon

31




Decision Tree for the Golf Problem

Decision tree can make
complicated data support
easy decision.

TTDEMET —FDOREZE

RERDIF

~ Independentvariables (.

Play golf dataset

mw TEUFEH-"lTUHE HJWT'T WMDY PLAY

| suny 85 | 85|  FALSE Dot Play |
BLINy ao a0 TRUE Dont Play
CverCast B3 B FALSE Play

[ rain 70/ 96| FALSE |Play
rain 1] a0 FALSE Play

| rain 85 | 70|  TRUE | DontPlay |
CWErCast T ] 65 TRUE Play
sLny Te 85 FALSE Cior'® Play

| sunny o | 70|  FALSE Piay |
rain TS a0 FALSE Play
sLnry 78 70 TRUE Play

| overcast 72| a0 TRUE Play
owarcast a1 78 FALSE Play
rain 71| 80| TRUE | DontPlay

Guests data for a golf club

JILT7O9STDERET—FYE

17/5/1 1185315

Trees

BB EICTRRIZTEAD
[Z1%IZ3ID,

EREN: TATET B

s 2
L& 3

T: 19
L& §
-
-“/

I
y
T& 4
L& @

TS: 3
L 2

e
L F / \ T E 4 i

¥

3

T 2
L&z @

TE O
LG 3

v i - ?\f &ne

Ts 0 T 3
L& 2 LAz @
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Exercise 4-1 (work in class)

N

For each node of the binary tree 7, show T
its ranks for the three traversals, (pre-order,
In-order, post-order).

TO/—FAFEAIFIBEEY AT IEE
Y AT IB DI % B TEELY, o

33




Exercise 4-2

N

Draw a single binary tree 7 such that
= each internal node of 7is a single character
m a pre-order traversal of 7 yields EXAMFUN; and
= an in-order traversal of 7 yields MAFXUEN

TOFNFNDRIPO/—FHNERDXFTHSLHELIIZ
TEMFIETEXAMFUN &Y AN T[E TMAFXUEN
CIHADFITE—DZ REENTLIEELY,

34




Exercise 4-3

N

Draw a single binary tree 7 such that
= each internal node of 7is a single character
m a post-order traversal of 7 yields AGLRTHSMIO; and
= an in-order traversal of 7 yields ALGORITHMS

TDENZENDRIBD/—EHNEMDXFTHSLDIC
|5 AT IETAGLRTHSMIO &Y ANTIETALGORITHMS
CHAFITE—DZ REELTLIEELY,

35




Exercise 4-4

N

Implement Infix to Prefix expression in Python. You may
refer to the source code of Infix to Postfix Expression
presented Iin this slide.

17/5/1 118315 Trees 36
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N
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ehttp://interactivepython.org/courselib/static/pythonds/BasicDS/toctree.html

ehttp://knuth.luther.edu/—leekent/CS2PIlus/genindex.html

17/5/1 118315 Trees 37
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