1V

ZILTY X LDERE CEHT

Hix: = BEfD  (W4022)

rhuang@hosei.ac.jp

SA: L% 284 (A4/A10)

fumiaki.hirono.5k@stu.hosei.ac.jp

AN




m

» BERTILIY) X LERET - fEHTS

f’]\%ﬁﬁﬁxﬁ}f Divide and Conquer

EJ] Elfjg_l_@,£ Dynamic Programming
A )

D490 )—r @Bl T, REIAEDBIZZERET S

ik




L3. EJRIETIEIE

Dynamic Programming



What is dynamic programming?

Dynamic Programming is a general algorithm design technique
for solving problems defined by or formulated as recurrences
with overlapping sub-instances. Invented by American
mathematician Richard Bellman in the 1950s to solve
optimization problems and later assimilated by CS
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Main idea?

1. set up a recurrence relating a solution to a larger instance to
solutions of some smaller instance

2. solve smaller instances once

3. record solutions in a table

4. extract solution to the initial instance from that table
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Some examples
R4 FOfEIRE - Fibonacci numbers
A4 & RIRE — counting coins
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The Fibonacci numbers problem



Example: Filbonacer numbers (cont.)
1.

Computing the N Eibonacci number: using bottom-up iteration and
recording results:

F(0)=0
F() =1
F(2) = 1+01= 1

i:.in-Z) -
F(n-1) =
F(n) = F(n-1) + F(n-2)

Efficiency:
- time n
— - Space n

Ty

- ‘ Copyright © 2007 Pearson Addison-Wesley. All rights reserved. A. Levitin “Introduction to the Design & Analysis of Algorithms,” 2" ed., Ch. 8 8-7



Example: Eibonacci numioers
r'rs

» Recall definition of Fibonacct NUMIEFS:
() = EFn-1) + F(n-2)
= (0)p=H0
F) =1

» Computing the Nt Eibonaccl nUMIPEr: recursively (top-down):

F=()

F(n-— + —— F(n-2)
F(nQKJr\F»(n-B) F(n{()\ﬁ F(n-4)

i

i

iid

Copyright © 2007 Pearson Addison-Wesley. All rights reserved. A. Levitin “Introduction to the Design & Analysis of Algorithms,” 2" ed., Ch. 8 8-8



A naive implementation of a function

F{(r)

-""""’Fn-“""--,_ .
Fn-1)—— & — Hn-2)

def fib_recursive(n): Fea) + En-3)  Fed) s Fn-4)

if n < 2: return 1

return fib recursive(n - 1) + fib_recursive(n - 2)

Below is one of the execution image

£ib (5)

fib(4) + £ib(32)

(Fib(3) + fib(2)) + (fib(2) + fib(1))

((fib(2) + fib(1l)) + (fib(l) + £ib(0))) + ((fib(l) + fib(0)}) + fib(1l))

(((fib (1) + £ib(0}) + fib(1)) + (fib(1l) + £ib(0))) + ((fib(l) + fib(0}) + fib(1))

The time complexity is O(2")

D ISR fib(0) & fib(1) DIEENELIZUNEEL . fib(0) & fib(1) D
FECHLEIHOMNERDEELS, COREXRWN=D4RFyF 55
DEEEIFX0(2") DIEHMEHMFR LS,



Q: Efficiency:
- time
- Space

N

2

N?

e n't fibonae

1num



If we use dynamic programming (bottom-up)

We calculate f(n-2) and f(n-1), save and store the results and them calculate f(n)
This bottom-up approach method uses O(n) time since it contains a loop that
repeats n — 1 times, but it only takes constant (O(1)) space.
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int fibCunsigned int n) {

2 int memo[1006] = {B, 11, i

3 for (i =2; 1 == n; i++) {

4 memo[i] = memo[i - 1] + memo[i - 2];
5 ¥

6 return memo[n];

£t

Python version

1 def fib(n):

2 memo = [@] * n

3 memo[@:2] = [@, 1]

4 for i in range(2, n):

5 memo[i] = memo[i - 1] + memo[i - 2]
6 return memc[@:n]

print{fib{188))



The coin change problem

Work in class:

Please find out
- Japanese coin types
- US coin types?



Please find out
- Japanese coin types

1y, 5y, 10y, 50y, 100y, 500y
- US coin types?
5¢,10¢,25¢,50¢, 1S5
enough coin types?
—2>try to find the minimum number of coin types

for example, 31¢, 61¢



To find the minimum number of US coins to make any amount

Try to count 31c
?

Try to count 63c
?



Count coins — the minimum number

To find the minimum number of US coins to make any amount

?
The greedy method always works

— At each step, just choose the largest coin that does not overshoot the
desired amount: 31¢=25+7

* The greedy method would not work if we did not have 5¢ coins

— For 31 cents, the greedy method gives seven coins (25+1+1+1+1+1+1), but
we can do it with four (10+10+10+1)

* The greedy method also would not work if we had a 21¢ coin

— For 63 cents, the greedy method gives six coins (25+25+10+1+1+1), but we
can do it with three (21+21+21)

? How can we find
the minimum number of coins for any given coin set?

15



Coin set for examples

* For the following examples, we will assume
coins in the following denominations:
1¢ 5¢ 10¢ 21¢ 25¢

 We'll use 63¢ as our goal

16 m Data Structures & Problem Solving using Java by Mark Allen Weiss



{ Coin set for examples

= For the following examples, we will assume coins in the
following denominations:
1¢ 5¢ 10¢ 21¢ 25¢

m We’ll use 63¢ as our goal
(work in class: Everyone thinks about it,

o how to solve it?)

= Data Structures & Problem Solving using Java by Mark Allen Weiss

17



A simple solution

We always need a 1¢ coin, otherwise no solution exists for
making one cent
To make K cents:
= |If there is a K-cent coin, then that one coin is the minimum
= Otherwise, for each value i < K,
=« Find the minimum number of coins needed to make i cents
= Find the minimum number of coins needed to make K - i cents
= Choose the i that minimizes this sum

This algorithm can be viewed as divide-and-conquer, or as brute
force ( )

= This solution is very recursive

= It requires exponential work

= Itis infeasible to solve for 63¢

18



{L Another solution

= We can reduce the problem recursively by choosing the
first coin, and solving for the amount that is left

s For 63¢:;

= One 1¢ coin plus the best solution for 62¢
= One 5¢ coin plus the best solution for 58¢
= One 10¢ coin plus the best solution for 53¢
= One 21¢ coin plus the best solution for 42¢
= One 25¢ coin plus the best solution for 38¢

= Choose the best solution from among the 5 given above

= Instead of solving 62 recursive problems, we solve 5
(62, 58, 53, 42, 38) using 1, 5, 10, 21, 25

= This is still a very expensive algorithm

19



Work in class:
Refer to the above, to draw the case of 63 using 1¢ 5¢ 10¢ 21¢ 25¢



A dynamic programming solution

s ldea: Solve first for one cent, then two cents, then three cents, etc.,

up to the desired amount

= Save each answer in an array !

= For each new amount N, compute all the possible pairs of

previous answers which sum to N

= For example, to find the solution for 13¢,

= First, solve for all of 1¢, 2¢, 3¢, ..., 12¢

= Next, choose the best solution among:
= Solution for 1¢ + solution for 12¢
= Solution for 2¢ +

= Solution for 3¢
= Solution for 4¢
= Solution for 5¢
= Solution for 6¢

+ + + +

solution for 11¢
solution for 10¢
solution for 9¢
solution for 8¢
solution for 7¢

21



Example

= Suppose coins are 1¢, 3¢, and 4¢

There’s only one way to make 1¢ (one coin)
To make 2¢, try 1¢+1¢ (one coin + one coin = 2 coins)
To make 3¢, just use the 3¢ coin (one coin)
To make 4¢, just use the 4¢ coin (one coin)
To make 5¢, try

= 1¢ +4¢ (1 coin + 1 coin = 2 coins)

= 2¢ + 3¢ (2 coins + 1 coin = 3 coins)

= The first solution is better, so best solution is 2 coins
To make 6¢, try

= 1¢ + 5¢ (1 coin + 2 coins = 3 coins)

= 2¢ + 4¢ (2 coins + 1 coin = 3 coins)

= 3¢+ 3¢ (1 coin + 1 coin = 2 coins) — best solution
Etc.

22



In Python

def main():

amnt = &3

clist = [1,5,10,21,25]
coinsUsed = [0]* (amnt+1)
coinCount = [0]* (amnt+1)

print ("Making change for",amnt, "requires™)

print (dpMakeChange (clist, amnt, ccinCount, coinsUsed) , "coins™
print ("They are:")

printCeoins (coinsUsed, amnt)

print ("The used list is a=z follows:")

print {(coinsUsed)

main{)



In Python (continue...)

def dpMakeChange({coinValueList,change,minCeins, coinsUsed):
for cents in range(change+l):
coilnCount = cents
newCoin = 1
fer § in [e¢ for ¢ in coinValueldist if € €= cents]:
if minCoins[cents—j] + 1 « coinCount:

coinCount = minCoins[cents—j]+]1
newCoin = j
minCoins [cent=s] = coinCount
coinsUsed|[cents] = newCoin

return minCoins[change]

def printCeoins(coinsUsed, change) :
coin = change
while coin > 0O:
thizCoin = coinsUsed[coin]
print (thisCoin)
coin = coin — thisCoin



amnt = &3
clist = [1,5,10,21,25]

Change to make for 11

.l
.l

2 -3

n

10

Step of the Algorithm

entss 11
centss 11
cents= 11

colnCount 2

coinsUsed [1,
. 0, 0, 0, 0,
D, D D D, D

:I-\.

Change to Make

10

11

2
2 3
2 3 4

o, o, 0, 0,0,0,0,0 0,0
I:Ig]l:lg I:Ig I:Is I:I! I:Il I:I! I:I! I:I! I:I!




ll ”

is the coin types can be used
e,g, coin 7uses 1, 5 (1+1+5)

|
| cents=
| cents=
| cents=
| cents=
| cents=
n centsz
cents=
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10 cents= 10
1 cents= 11
A centsz 11
10 cents= 1
1 cents=z 172
b cents= 12
10 cents= 12
1 cents= 13

b cents= 13

]D centszllﬁ

1

X2

_i:
i=
i=
i=
i=
i=
i=
i=
i=
i=
i=
i=
i=
i=
i=
i=
j=
_i:
i=
i=
i=
i=
i=

king change far B3 Fequires

1 centsz 14

A centsz 14
10 cents= 14
1 cents= 15
A0 cents= 15
10 cents= 15
1 cents= 16
A centsz 1B
10 cents= 16
1 cents=z 17
A centsz 17
10 cents= 17
1 cents= 18
A cents= 18
10 cents= 18
1 centsz 19
A centsz 19
10 cents= 14
1 cents=z 20
A cents= 20
10 cents= 20
1 cents= 21
A ocentsz 21
10 cents=z 21
21 cents= 21

iz 1 cents=z 272

iz 5 centsz 272
iz 10 cents=z 27
i= 21 centsz 22
i= 1 cents= 23
i= B centsz 23
i= 10 cents= 23
i= 21 cents= 23
i= 1 centsz 24
iz B centsz 24
iz 10 cents=z 24
iz 21 centsz 24
i= 1 cents= 25
i= b cents= 25
i= 10 cents= 20
i= 21 cents= 20
iz 20 centsz 25
iz 1 centsz 2R
iz 5 centsz 2B
iz 10 cents= 2k
i= 21 cents= 2B
i= 25 centsz 2B
i= 1 centsz 27
i= B cents= 27
i= 10 cents= 27
iz 21 cents=z 27
iz 20 centsz 27
i= 1 cents= 28
i= b centsz 28
i= 10 cents= 28
i= 21 cents= 28
j: ?5 centSZHEB

_I'
J_
JI_
i=
i=
i=
j=
_i:
i=
j=

1 cents= 28
b ocentsz 29
10 cents= 24
21 centsz 28
20 centsz 28
| cents= 30
b cents= 30
10 cents= 30
21 cents= 30
20 cents= 30
| cents= 31
b centsz 31
10 cents= 31
21 cents= 51
28 centsz 31
1 cents= 92
b centsz 92
10 cents= 32
21 centsz 32
20 cents= 32
| cents= 33
b cents= 33
10 cents=z 33
21 cents= 33
?h cents=z 33
| cents= 34
b centsz 54
10 cents= 34
21 cents= 34
20 cents=z 34
1 cents= 3h
b centsz 4h
10 cents= 34
21 centsz 30
20 cents= 3h
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1 cents= 58
b cents= B8
10 cents= bR
21 centsz b
20 centsz b
1 cents= 59
5 cents= B
10 cents= 59
21 cents= 59
20 cents= 59
| cents= RO
b centsz RO
10 cents= RO
21 cents= B0
20 cents= B0
1 cents= BI
b centsz B
10 cents= R
21 centsz Rl
20 centsz Bl
| cents= RBZ
5 centsz B2
10 cents= B2
21 cents= B2
20 cents=z B2
| cents= B3
b centsz B3
10 cents= B3
?1 cents=z B3
25 cents= B3

3 coins
They are:
21

iz 1 cents= K0

i= 5 centsz BO

i= 10 cents= B0
i= 21 centsz BO
i= 25 cents= BQ
coinlount 3

i= 1 centsz B

i= 5 cents= A1

i= 10 centsz B
i= 21 cents= B
i= 25 centsz B
coinCount 4

i= 1 cents=z B2

i= b centsz B2

i= 10 cents= B2
i= 1 cents= B2
iz 25 centsz B2
coinCount 4

i= 1 centsz B3

i= B cents= B3

i= 10 cents= B3
i= 21 cents=z B3
iz 20 centsz B3

21

21

colnlaunt 3

The used list is as follows:
(1, 1, 1, 1,1, 8,1, 1,1, 1
1, 28, 1, 1, 1,1, 5, 10, 1,
1!151525151D515155,

1, 1
0, 21
]




RESTART : Ci¥Huang-Start2011¥teachingdd | zorithms¥al zorithn-2015%¥2017¢ lecture
-hotes¥dp-al zo¥dpB3-coins.py
Making change for B3 reguires
coinCount 0O

Point: coinslsed [1, 0, 0, 0, 0, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

. g4, ,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0

, 0,0, 0,0,0,0,0,0,0,0,0,0,0,0,0, 0]
i= 1 cents= |

H coinCount 1
Use whatareinthe  coincits 0 0 0 o 0. 0.0, 0,0,0,0,0,0,0,0, 000,000,

1 D: I:Ig I:Ig I:Ig I:Ig I:Ip |:|:| |:I:| D: D! I:Il I:Il I:Il I:I! I:I! |:|! D! D! I:Il I:Il I:Il I:I! I:I! |:|! D! |:I
coin used before 0,00, 0,0, 0,0,0,0,0,0,0,0,0,0,0,0
i= 1 cents= 2
coinCount 2
CDinSUSEd []5 1: 1: |:|:| |:I:| D: I:Ig I:Ig I:Ig I:Ip I:I! D! D! D! I:Il I:Il I:Il I:Il I:I! |:|! D! D!

a, o0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0000, 0,0
. o, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

i= 1 cents=z 3

coinCount 3

coinslsed [0, 1, 1,1, 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
g4, 4,0, 0,0, 0,0,02,02,02,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,020
., o,0o,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

ji= 1 cents= 4

coinCount 4

CDinSUSEd [], 1, 1, 1, 1, D, D, D, D: D: D: D: D: D: D: D: D: D: D: D: D: D:
a, o0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0000, 0,0
:||:|5 I:Ig I:Ig I:Ig I:Ip I:I:l |:|:l D:l D! D! D! I:I! I:I! I:I! l:l! l:l]

i= 1 cents= &

i= b cents= 5

caoinCaunt |

coinslsed [], 1, 1, 1, 1, 5, D, D, D: D: D: D: D: D: D: D: D: D: D: D: D: D:
D: I:Ig I:Ig I:Ig I:Ig I:Ip D: D! D! D! I:I! I:I! I:Il I:I! I:I! D! D! D! I:I! I:I! I:Il I:I! I:I! D! D! D
., 0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

i= 1 cents= B

i= 0 cents= B

coinCount 2

coinsgllsed [1, 1, 1,1, 1,5, 1,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,
D: I:Ig I:Ig I:Ig I:Ig I:Ip D: D: D: D: I:Ig I:Ig I:Is I:I! I:I! D! D! D! I:I! I:I! I:Il I:I! I:I! D! D! D
:||:|5 I:Ig I:Ig I:Ig I:Ip I:I:l |:|:l D:l D! D! D! I:I! I:I! I:I! l:l! l:l]

i= 1 cents= 7

i= b cents= 7

coinCount 3

cainslsed [], 1, 1, 1, 1, 5, ], ], D: D; D, D! D! D! D! D! D! D! D! D! D! D!
D: I:Ig I:Ig I:Ig I:Ig I:Ip D: D: D: D: I:Ig I:Ig I:Is I:I! I:I! D! D! D! I:I! I:I! I:Il I:I! I:I! D! D! D



{ How good Is the algorithm?

= The first algorithm is recursive, with a branching factor
of up to 62

= Possibly the average branching factor is somewhere around
half of that (31)

= The algorithm takes exponential time, with a large base

= The second algorithm is much better—It has a
branching factor of 5

= This Is exponential time, with base 5

= The dynamic programming algorithm is O(N*K), where
N Is the desired amount and K i1s the number of different
kinds of coins

29



http://www.geocities.jp/m hiroi/light/pyalgo23.html

http://ailaby.com/dynamic/



http://www.geocities.jp/m_hiroi/light/pyalgo23.html
http://ailaby.com/dynamic/

Other problems

Knapsack problem 74w zE
work in class

FRERARTHEEL

All-pairs shortest paths problem
Optimal Binary Search Trees



Comparison with divide-and-conquer

» Divide-and-conquer algorithms split a problem into separate
subproblems, solve the subproblems, and combine the results

for a solution to the original problem

Example: Quicksort
Example: Mergesort

Example: Binary search
» Divide-and-conquer algorithms can be thought of as top-down
algorithms

» In contrast, a dynamic programming algorithm proceeds by
solving small problems, remembering the results, then
combining them to find the solution to larger problems

» Dynamic programming can be thought of as bottom-up

32



Exercises

Ex 3.1
Understand the dynamic programming approach to solve the coin
problem and other problems.

Ex 3.2

Divide-and-conquer is a top-down technique while dynamic
programming is a bottom-up technical. Both can be applied to
solve coin change problem.

3.2.1 Please run dynamic program in in Python to solve coin 63
cents problem.

3.2.2 Please make Divide-and-conquer approach to solve the coin
change problem, in Python, please refer to next three pages.

3.2.3 Compare their performance to see which is faster.

33



The divide-and-conquer approach

The key observation is that we can split the potential solutions into two disjoint classes,
those solutions that use ¢, at least once and those that do not:

— When «a is zero then we need no coins.

- When « is non-zero and we have no coins to offer change with - in this case
the answer should be infinity. In our implementation we just use Inte-
ger .MAX VALUE.

e Guarantee that the solution does not loop endlessly, that is, that the basis cases
are evenually reached. For this, consider the parameter (a + k). We can see that it
always decreases for either of the steps (use ¢, or not), and that it cannot decrease
for ever without reaching one of the basis cases.

The class Change below implements this solution in Java. The values of a coin set
are stored in an array coins. For instance, the UK set corresponds to coins[0]=100,
coins[1]=50,coins[2]=20, coins[3]=10, coins[4]=5,coins[5]=2, coins[6]=1. The
method change () accepts an amount and a coin set as input and returns the minimal
number of coins whose values add up to the amount.

34



— When «a is zero then we need no coins.

- When « is non-zero and we have no coins to offer change with - in this case
the answer should be infinity. In our implementation we just use Inte-
ger .MAX VALUE.

e Guarantee that the solution does not loop endlessly, that is, that the basis cases
are evenually reached. For this, consider the parameter (a + k). We can see that it
always decreases for either of the steps (use ¢, or not), and that it cannot decrease
for ever without reaching one of the basis cases.

The class Change below implements this solution in Java. The values of a coin set
are stored in an array coins. For instance, the UK set corresponds to coins[0]=100,
coins[1]=50,coins[2]=20, coins[3]=10, coins[4]=5,coins[5]=2, coins[6]=1. The
method change () accepts an amount and a coin set as input and returns the minimal
number of coins whose values add up to the amount.

35
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Java source code

class Change {
private static int[] c;

public static int change(int amcount, int[] colins) {
c = colns;
return change (amount,0) ;

}

private static int change(int amount, int 7j) {

if (amount == 0) return(0);
if (7 == c.length) return(Iinteger.MAX VALUE) ;
if (amount < c¢[3j]) return (change (amount,j+1));
else |

int ¢l = change (amount, j+1);

int c2 = 1 + change(amcunt-c([j],73);

if (cl < c2) returnicl);
else returnic?);
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