e Uncertainty (S HEZE %)

* The axioms of probability (FEEimD 2 1)

» Bayes rule (N1 X#{81)

* Belief network/Bayes net (Frarvk7—%)
Joint Probability and Conditional Probability
 Try to edit Bayes net




Uncertainty

No matter in proposition logic or first order logic reasoning, it =
IS assumed that

assumed

e facts are known to be true,

» facts are known to be false,
* or nothing is known.

In general, however, people are not sure what the relevant
facts are true or false and thing becomes unpredictable due to

unpredictable

o 1 1 H 7
partial observation (e.g. road state, other driver’s plan) 2 CEALLY

* NOISY Sensors (Radio traffic report)

* uncertainty in action outcome (flat tire, accident) [ .1\ of=#E

TEALY

=== | Rules may give unreliable conclusions

e.g. A = Leaving for airport t minutes before flight, will A, get me airport on time??

toothache - cavity?? gum disease??




Probabilistic Reasoning

» Probability theory provides a way of dealing rationally with ;E“z%i%"“y theory

Uncertainty — assigning a numerical degree of belief between 0 and 1 to sentences.

e.g. P(cavity) = 0.1 indicates a patient having cavity with a probability of 0.1 (a 10% chance).

cavity
« Degree of truth, as opposed to degree of belief, is the subject | 2
Fe logi Fuzzy logic Belief
of fuzzy logic. S—ihi _
y 109 T7o—imiE ELBE

* Probabilistic reasoning may be used in the following three types of situations:
- The world is really random
- The relevant world is not random given enough data,
but it Is not always have access to that much data
- The world appears to be random because we have not

describe it at the right level.



Necessary formulas

» Definition of conditional probability | Conditional probability
iR

P(AB) = P(PA(Ef) B)

Where, P(A|B) is read as “the probability of A given that all we know is B”

for example, P(Sore-throat|Cold)=0.8

means the probability of the patient having Sore Throat will be 0.8 (a 80% chance) !

under the condition of getting Cold is TRUE.

 Product rule gives an alternative formulation

Product

ETE®D) &

P(A A B)=P(A|B)P(B)

it comes from the fact that for A and B to be true, we need B to be true,

and then A to be true given B. You can also write

P(A A B)=P(B|A)P(A)

alternative

KHYn

/

-~

-y
H.

g

=

Fl
wr

all




The axioms of probability

For any propositions, A, B

« 0<P(A)<1

axiom
NI

all probabilities are between 0 and 1
e P(True) =1 and P(False) =0

Necessary true propositions have probability 1, and

necessary false propositions have probability 0.
 P(Av B) =P(A) + P(B) - P(A A B)
The total probability of AvB is seen to be the sum of the
probabilities assigned to A and B, but with P(A A B)

subtract

51<

True

e

assign

5Z%

subtracted out so that those cases are not counted twice.

AAB

P(A vV B):Porange_color"'Ppurple_color-'-Pgreen_color



RATHINER

G R

P(BJA) = Pg?A)B)

« FEDEA
P(A, B)=P(A|B)P(B)= P(B|A)P(A)
o RAXDEA

P(A|B) = P(BFI;?\')BF)’(A)

P(B|A) = _PAIBREB)

P(A)
K]j;mw&
P(BIA) =

P(AIB)P(B) + P(@




Work In class
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Joint Probability (&5 & HE=)

o It is derived by successive application of product rule: | successive

’

deri it AN
?E(]e:rzl)ve P(Xy, ooy X)) = POX ] Xy ey X1 ) POX gy ey XY)

= P(an Xn_]_; ey Xl) P(Xn_ll Xn_z, saay Xl) P(Xn-21 ey Xl)
=P(XpA oA X)) | =L

= POXpl Xpgs -0 X1 ) POl Xy vy Xp ) oo POXG X ) POXY)
= I POXi| Xy -0 Xy)

Work in class: Please finish the following formulae
P (X, Xp) =7
P (X, X, X3) =7




Joint Probability (& & M) 6

P(Xy, -0, X)) =TI, POX| Xiqy -eny XY)
= PX)P(XfXy) oo POKal Xigr vy X )POKG| Xy, o X )

n=>5,
P(Xl, Ko X3 Xy Xs) =P(X)P(XalXy) P(X3| Xa, X1 JP(Xyl Xz, Xp, X1 ) P(Xs| Xy X3, X, Xy )
-

* For example, we can calculate the probability of the event that the alarm has @

and Mary call. @ @

PBA=EAAAIAM)

sounded but neither a burglary nor an earthquake has occurred, and both John

(referring to Belief network/Bayes net in next page for conditional probability)

=P(—=B)P(—E)P(A| =B A= E)PQJIA)P(M|A)
(regérring t(?he cinditionawwes In next page)
=0.999 x 0.998 x 0.001 x 0.90 x 0.70

= 0.00062



P(B) hauak P(E)
ool earthquake 0.002
B E [PABE -
TT 0.95
T F 0.94
FT 0.29
FF 0.001
T1| 0.90 T! 0.70
F10.05 F| 0.01

PABA=EAAAIAM)
=P(=B)P(—E~B)P(A|] ~E—-B)PUIAA-BA—E)PMMJAAA—-BA—E)
(refefring to Belief n%k/Bayes net in next page f itional probability)
=P(—"B )P(5X E)P(A] =B A —=E) PJJA)P(M|A)
(referring to the conditional probability values in next page)
=0.999 x 0.998 x 0.001 x 0.90 x 0.70
= 0.00062




Independence

» Two random variables A B are (absolutely) independent iff

P(AIB) = P(A)
or P(A, B) = P(A|B)P(B) = P(A)P(B)

e.g., Aand B are two coin flips

P(A=head, B=head) = P(A=head)P(B=head)=0.5 x 0.5 =0.25

* If n Boolean variables are independent, the full joint is

P(Xy, ..., Xp) = ", P(X)
« Conditional independence
P(AIB, C) = P(AIC)

we say that A is conditionally independent of B given C

e.g., PUJA, —B, —E) = P(JJA)
P (=E|-B) = P(~ E)

flip (BEZTRDL-O)E
BEFxZThAFLELITRIE

Absolute independence is a very §

strong requirement, seldom met! A

12



Belief network/Bayes net

» A simple, graphical notation for conditional independence assertions and

hence for compact specification of full joint distributions.

» Belief networks are also called “causal nets”, “Bayes nets”, :
Variables: Burglary, Earthquake,
or “influence diagrams”. Alarm, JohnCallas,
For example, the following figure shows a belief network. MaryCalls
P(B) ‘ P(E)
ool earthquake 0.002
P(A|B,E)
0.95
0.94
0.29
0.001
Al PQIA) @ A P(M|A)
T| 0.90 T|0.70
F| 0.05 F|o0.01




Syntax and Semantics

direct
Syntax: (BAHAMIZ)EITS
* A set of nodes, one per variable
_ _ _ _ _ influence
* a directed, a cyclic graph (link shows “directly influences”) 2y 458

* a conditional probability distribution for each node given its

probability distribution
ST

parents:

P(X;|Parents(X;)

N

Semantics:

* “Global” semantics defines the full joint probability @ @ =
distribution as the product of the local conditional

distributions: @
P(X,, ..., X.) = [I"_,P(X.Parents(X.)) @ @

.9, PUAMAAA—=BA—E)=P(=B)P(=E)PA| =B A—E)PJAPMA)
14



Belief networks/Bayes Nets

e Itis also called “Causal nets”, “belief networks”, and
“influence diagrams”.

* Bayes nets provide a general technique for computing
probabilities of causally related random variables given
evidence for some of them.

 For example,

True/False
Causal link \ Cold
Sore-throat Runny-nose
True/False True/False

7 Joint distribution: P(Cold, Sore-throat, Runny-nose)




For nets with a unigue root

? Joint distribution: P(Cold, Sore-throat, Runny-nose)
The joint probability distribution of all the variables in the
net equals the probability of the root times the probability of

each non-root node given its parents.

Cold

T

Sore-throat Runny-nose

P(Cold, Sore-throat, Runny-nose) =
P(Cold)P(Sore-throat|Cold)P(Runny-nose|Cold)

? Prove it




Proof

For the “Cold” example, from the Bayes nets we can assume
that Sore-throat and Runny-nose are irrelevant, thus we can
apply conditional independence.

Cold

/\

Sore-throat Runny-nose

P(Sore-throat | Cold, @am;@ose) = P(Sore-throat | Cold)
P(Runny-nose | Cold, SWat) = P(Runny-nose | Cold)
compute

P(Cold, Sore-throat, Runny-nose)

=7




Proof

For the “Cold” example, from the Bayes nets we can assume
that Sore-throat and Runny-nose are irrelevant, thus we can
apply conditional independence.

Cold

/\

Sore-throat Runny-nose

P(Sore-throat | Cold, @a@y@ose) = P(Sore-throat | Cold)

P(Runny-nose | Cold, SWat) = P(Runny-nose | Cold)
compute

P(Cold, Sore-throat, Runny-nose)

= P(Runny-nose | Sore-throat, Cold) P(Sore-throat | Cold)P(Cold)
= P(Runny-nose | Cold) P(Sore-throat | Cold)P(Cold)




Further observations

If there is no path that connects 2 nodes by a sequence of causal links, the
nodes are conditionally independent with respect to root. For example,
Sore-throat, Runny-nose are two independently events.

Since Bayes nets assumption is equivalent to conditional independence
assumptions, posterior probabilities in a Bayes net can be computed using

standard formulas from probability theory

Using P(BIA) = P(AI%(B)
A = Sore-throat
B = Cold P(BIA) = P(A[B)P(B)
We obtain P(A[B)P(B) + P(A| —B)P(-B)

P(Sore-throat | Cold) P(Cold)

P(Cold | Sore-throat) =
P(Sore-throat | Cold) P(Cold) + P(Sore-throat | =Cold) P(—Cold)



0.3

An example

Habitual smoking

0.5 0.05

y

L.ung cancer

0.7, 0.06

Chronic cough

P(S)=0.3
P(L|S) = 0.5, P(L|-S) =0.05
P(CIL) =0.7, P(C| -L) = 0.06
Joint probability distribution:
P(S, L, C) =P(S) P(LIS)P(C|L)
=0.3*0.5*0.7 = 0.105

? P(L|C)




Compute P(L|C)

P(S) = 0.3
P(L|S) = 0.5, P(L|-S) = 0.05

03 Habitual smoking

P(CIL) = 0.7, P(C| —L) = 0.06
05 008 Joint probability distribution:
) P(S, L, C) = P(S) P(L|S)P(C|L)
Lung cancer = 0.3*0.5 *0.7 = 0.105
o P(LIC) = (P(CIL)P(L)) / (P(C))

P(C) = P(CIL)P(L) + P(C/—L)P(-L)
P(L) = P(L/S)P(S) + P(L/ —=S)P(=S) = 0.5*0.3 + 0.05*(1-0.3) = 0.185
Chronic cough P(=L) = (1-0.185) = 0.815

P(C) = 0.7*0.185 + 0.06*0.815 = 0.1784
P(L|C) = 0.7*0.185 / 0.1784 = 0.7258968

General way of computing any conditional probability:

1.  Express the conditional probabilities for all the nodes

2.  Use the Bayes net assumption to evaluate the joint probabilities. 29
3. P(A)+P(=A) =1




? Work in class — No. 1

Could you write down the formulas to compute

P(C, S, F 1)
C
Cold
S  Sore-throat Fever F

v

Influenza
I

23




UTZHEIT LA ZTESZTLILVPEC S F )

C
Cold

T

S  Sore-throat Fever

v

Influenza
I

P(C,S,F1) = P(C)P(I)P(S|C,I)P(F|C,I)

24




[ .
’ Work in class — No. 2
Could you calculate P(S|L) in page 18.

25




P(SIL)DETE

S 1B B LE P(S)=0.3 '
Smoke (S) P(LIS) =05, P(L|-S) = 0.05 -~
P(CIL) = 0.7, P(C| —L) = 0.06
0.5, 0.05
| AREE.
b P(S, L, C) = P(S) P(LIS)P(CIL)

=0.3*0.5*0.7=0.105

Lung cancer (L)

P(SIL) = (P(LIS)P(S)) 7 (P(L))

0.7, 0.06
P(L) = P(L/S)P(S) + P(L/ —S)P(=S) = 0.5*0.3 + 0.05*(1-0.3) = 0.185
T% ,|$ E"Vd: uz P(S|L) = 0.5*0.3/0.185=?
Cough (C)

26




Example: One Is at work, neighbors John and Mary call
to say his alarm at home is ringing. Sometimes it's set off
by minor earthquakes or in the case of burglar.

P(A|B,E)

P(E)
0.002

P(B)
0.001

0.95
0.94
0.29
0.001

A | P(M|A)
T| 0.90 T| 0.70

F| 0.05 F| 0.01

Al PAIA)

27




3
)
Z
)
&)
>
s
2



Compactness /®

X;, k=2
Variables (each node is a avaible): mzk: 4

Burglary, Earthquake, Alarm, JohnCalls, MaryCalls @’ n=5 @

F{aIE,E)

« A CPT for Boolean X; with k Boolean parents has 2% rows for the

0.95
.94
.29
0.0
i

combinations of parent values

m M = = | m
M= 5= m

« Each row requires one number . = true
(the number for X; = false is just 1-p)

» If each variable has no more than k parents, the complete network requires
O(n - 2¥) numbers

* l.e., grows linearly with n, vs. O(2") for the full joint distribution

e Forburglary net, 1 +1 +4 + 2 + 2 =10 numbers (vs. 25>-1 = 31)



JRILTE

¢ 2DMIERLTE AB HN(HEXTZ) HMIZILTLVDIHE
P(A|B) = P(A)

or P(A, B) = P(A|B)P(B) = P(A)P(B)
cHLNEDNT—IILEHMIHMILTNDES. RE2EESIIUTDLIIZHDS

P(Xy, ..., X.) = TT"_,P(X))
o RIS

P(A|B, C) = P(AC)

ERXEBTEEAZCHEZ SN T TBIH L TR ML HDHENS




Semantics

The full joint distribution is defined as the product of the local

conditional distributions:
®

P (X ..., X)) = 7%:1 P (X;| Parents(X))) }’E‘l
g ®

eg.,.Planmaan—-bna—e)

=P(la)P(m|a)P(a] -b, —e) P (=b) P ()



Constructing Bayesian networks

1. Choose an ordering of variables X;, ... ,X

2.Fori=1ton
— add X, to the network
— select parents from X,, ... ,X; such that

n

P (X | Parents(X;)) = P (X; | Xy, ...

This choice of parents guarantees:

P Xy oo X)) = POG I Xy, o, Xig)
(chain rule)

=17, -1 P (X;| Parents(X)))
(by construction)

Xi1)



Example

e Suppose we choose the ordering M, J, A, B, E

From conditional probability table (CPT)
to check dependence of variables

PJ|M)=P(J)?



Example

e Suppose we choose the ordering M, J, A, B, E

'

P(J|M)=P@J)?No (Jdependson M)
PA|[IJ, M)=PA|[I)?PA]|J, M) =P(A)?



Example

e Suppose we choose the ordering M, J, A, B, E
* .

PJ|M)=P@J)? No

PA|[IJ, M)=PA|J)?PA]|J, M)=P(A)? No (A depends on M, J)
PB|A J,M)=PB|A)?

PB|A,J M)=PB)?




Example

e Suppose we choose the ordering M, J, A, B, E

PJ|M)=P(@J)? No

PA|[J, M)=PA|J?PA|J, M)=P(A)? No
PB|A J,M)=PB|A)? Yes (B does not depend on J, M)
PB|A J,M)=P(B|A)=P(B)? No (B depends on A)
PE|B,A,J,M)=P(E|A)?

PE|B,A J,M)=P(E|A, B)?



Example

e Suppose we choose the ordering M, J, A, B, E

P(J | M) = P(J)? No
J,M)=P(A|J)? P(A|J, M) = P(A)? No
A, J,M)=P(B|A)? Yes

A, J, M) =P(B | A) = P(B)? No

P(A
P(B
P(B
P(E
P(E
P(E

A, B, J, M)=P(E
A, B,J, M)=P(E
A, B,J, M)=P(E

A, B)? Yes (E does not depend on M, J)
A, B) =P(E | B)? No (E depends on A)
A, B) =P(E | A)? No (E depends on B)



Example contd.

Earthquake

Deciding conditional independence is hard in noncausal directions

(Causal models and conditional independence seem hardwired for
humans!)

Network is less compact: 1 + 2 + 4 + 2 + 4 = 13 numbers needed



e Suppose we choose the ordering B, E, A, J, M
to construct a Bayesian Network
.Burglary

From Bayesian Network
to check dependence of variables

e Work in class

P(B|E)=P(B)? yes or no (why?)
P(A|B,E)=P(A|B)?yes orno (why?)
P(A|B,E)=P(A|E)?yes orno (why?)
PJ|A, B,E)=P(J|A)?yes orno (why?)
P(J| A, B, E)=P(J)? yes or no (why?)
PM|J,A B, E)=PM|A)? Yes or no (why?)




e Suppose we choose the ordering B, E, A, J, M to

construct a Bayesian Network

e Work in class $ @

P(B | E = P(B)? Yes

P(A| B, E) = P(A | B)? No

P(A| B, E) = P(A | E)? No

PJ| A, B, E)=P(J|A)? Yes
P(J| A, B, E)=P(J | A) = P(J)? No
P(M|J,A,B,E)=P(M|A)? Yes




A Video Lecture:

http://www.youtube.com/watch?v=TPp33LJWncl

Given by Stefan Conrady

This 30-minute webinar will provide a brief overview of
the basic concepts behind Bayesian networks. You will
see how a few simple and intuitive ideas can form a
marvelous framework for inference and reasoning.

In particular, pay attention to examples in the lecture.


http://www.youtube.com/watch?v=TPp33LJWncI

Using Bayes net editor in Weka




New name for node &J

MNodel

Nodel - rename (hair-c)
Node2 - rename (eye-c)

_ hair—c|

Lo J[ B |

—

Nodel = rename value

[ ode hair-c @1
Sasil . valuel = black
MNew name for value Valuel
. Ilh black| /\/al

’ oK ] ’ B 6 Probability DWble For eye-color
o
n

hair-calor Blue Hazel Green
blac 061 02 0.16
037 0.31 0.19
red 037 0.22 02
N C 0.05 0.75 0.1

| Randomize ]1 Ok n Cancel |

. &3 Probability Distribution Table For eye-c ﬁ eye-C 9 ed it CPT

hair-c Walue 1 Walued 3
black B 0.177 0.003 0.163
/0453 0.132 0.054 0361
Value3 \_ 0472 0.093 0161 0274 Change random data
042 0217 0.112 0251

to an example

[_Randu:umize ][ ] ][ Cancel




An example CPT

— b= L= O ==Y [—g TidT T L L PRI N N K T sy

&3 Probability D|5tr|butmr| Tal:lle For eye- +:|:=Ic:-r 2%
(]
hair—color Brown Elue Hazel Gireet
black A1 0.2 0.16 0.03
037 0.31 0.14 0.13
red nas 02 0.2 n.21
.05 0.7h 0.11 n.04
Fandomize ][ ik, ][ Cancel
-Q Bayes Network Editor E@g1
File Edit Tools View Help
Tools - show margins . Y ———
I v
Hair-c node - set ewde& green 0
(brown)
I own 3699
an example | — 5055
Wlhlond 1299
Walue u:uf_nu:u:le eve—c chaneged from ereen to blond




&3 Probability Distribution Table For skin-c

k = I hair-c eye-c black white v oy brown
Try more (Work in class) g~ oo™ ow™ ™ o
black Hazel 0228 0181 0114 0472
0.266 0175 nh12 o4y
prown Brown 0292 0176 nai2 032
Add node -- node 3 sroun Hoee o i e i
. 0287 0.33ag 0.206 017
rename node 3 =2 skin-Cc it b5t o sins
red Hazel 0237 It 0.043 nn4
rename value 1 = black .o oot o5 son BT
- 0.208 0631 0016 0.146
value 2 > white e — 40—
value 3 - yellow
value 4 -2 brown  Rardomeo |01 | Goros
add parent hair-c G Bayes Network Editor
dd rent eve-C File Edit Tools View Help
add parent €y OEE & @ o

edit CPT
(you can edit the table)
to a particular example
or randomize the table.

brown 1.0
red 0
blond 0

Brown 0

blue 1.0
Hazel O
Green 0

Iblack 0135

I hite 2860
el ow 2279
v 4715




Work in Class:

Use training dataset to get Bayes Net and then

to make Bayesian Inference

Explore - Open (weather.nominal.arff) = classify -2
choose (BayesNet) - Use training set - Start

Bayes Net—> Visualize graph - Save Graph (as XML BIF

file)
Bayes Net editor = load (.xml)

Tools = Show Margins
Set evidences
(windy is true
humidity is high
temperature is hot
outlook is raining) =

&J Bayes Network Editor

File Edit Tools View Help

FALSE 0

I 1 1.0

rigrmal 0

RUE 10

Bet evidence for outlook,




& Weka Explorer
Preprocess | Classity | Cluster I fissociate I Select attributes I Yizualize

(= [= ]

Clazzifier

BavesNet -D -0 wekaclazsifiers baves net search local K2 — -P 1 -5

Test options Clazzifier output

BAYES -E wekarclazsifiers haves net estimate SimpleEstim

=== Confusion Matrix

.ﬁ-. USE training Set LOGEICLLLY Wildasall1edd LS LdIlles L falaed 5
: Kappa statistic 0.8372
() Bupplied test et Set.. Mean abaolute error 0.2615
(7) Grogs-validation  Falds |10 Root mean squared error 0.3242
- . Belative absclute error 56.3272 %
) Percentage split % |66 ]
Eoot relative sgquared error 67.6228 %
[ Mare options.. ] Coverage of cases (0.95 level) 100 3
Mean rel. region 3gize (0.95 lewvel) 92.8571 %
{Mom) play - ‘ Total Humber of Instances 14
[ Start ] Stop === Detailed Accuracy By Class ===
Fesult list (right-click for options)
12:56:11 - baves Bay TF Rate FP Rate Precision Recall F-Measure MCC
1 0.2 0.3 1 0.947 0.845
0.8 0 1 n.8 n.8e4q n.249
Weighted Awvg. 0.929

O | %) Weka Classifier Graph Visualizer: 13:56:11 - bayes.BayesNet

S REITREN E:l

ak <—-— clazsified as
90| a=vyes
14| kb =no

Visualize bayes BayesNet
- visualize Graph

In Visualize graph = Save Graph
(as XML BIF file)




Bayes Net editor = load (.xml)
Tools = Show Margins

& Bayes Network Editor
File Edit Tools View Help

Did e £ @ D |5 F i

o I T LUE 4355
windy g——— YT

IIIIIIIII

Bt 2018 -
i 4124 £ Bayes Network Editor

ool 2957
File Edit Tools View Help

Set evidences = | = | gt 23
(windy is true " "
humidity is high
temperature is hot
outlook is raining)

By cs 2060 cool 0
I > 7939

RUE 1.0

sunny 0
gvercast = | 1.0

¥ normal 0




Home Work:
You may try to use Weka for the Bayes

net below.

to say his alarm at home is nnging. Sometimes it's set off
by minor earthquakes orin the case of burglar.

P(E] [E]

fil g il

& | Fla A [ FdA)
T Q= a7
=| oos o
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